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Abstract. We study the space of binary cubic and quadratic forms over the ring of integers 
O of an algebraic number field k. By applying the theory of prehomogeneous vector spaces 
founded by M. Sato and T. Shintani, we can associate the zeta functions for these spaces. 
Applying these zeta functions, we derive some density theorems on the distributions of dis- 
criminants of cubic algebras of O. In the case is a quadratic field, we give a correction term 
as well as the main term. These are generalizations of Shintani's asymptotic formulae of the 
mean values of class numbers of binary cubic forms over Z. 



1. Introduction 

Let A; be a number field and O the ring of integers of k. Let r\ and be the number of real 
and complex places of k. We denote by Afc, h]^ and Ca:(s) the absolute discriminant, the class 
number and the Dedekind zeta function of fc, respectively. We put 



21, := (Res.=i Us)) ■ := (Res.=i Ck{s)) ■ 3^'^^^'^'C.(l/3) fr{l/3)^ 



2ri+r2+l' «• ^ ^_2ri+r2Ay2 V 2tT 



[k:Q] 



For < i < ri, let hi[n) be the numbers of the following set: 

-F is a cubic extension of k with ri + 2i real places, 
R is an order of F containing O, and A^(Aj:j/0) = n. 

Here Ar/o is the relative discriminant of R/O (which is an integral ideal of O) and N{/S.jiiq) 
is its ideal norm. Note that we count pairs (i?, F) up to isomorphism. One of the primary 
purpose of this paper is to investigate the function Yl,n<x ^«(^) as X — > oo. Here we state our 
result when A: is a quadratic field. 

Theorem 1.1 f Theorem I7.2U() . Let k he a quadratic field. For any e > 0, 



[n) = 3-^-"22tfcX + 2,-'l^^kX^I^ + 0{X^/^^+') {X ^ oo) 

n<X 

where ( ) is the binomial coefficient. 



The case A: = Q is known by Shintani |Sh75j . For the case [A: : Q] > 3, see Theorem 17.201 
We explain one more theorem we prove in this paper. We call a finite O-algebra a cubic 
algebra if it is projective of rank 3 as an O-module. We denote by C{0) the set of isomorphism 
classes of cubic algebras of O. For a fractional ideal a of k, we put C{0,a) = {R € C{0) \ 
/\^ R = a}. It is known that C(0,a) depends only on the ideal class of a and that C{0) = 
\Jaeci(k) C(^) '^) use the same symbol a to denote its ideal class.) In general for a projective 
O-module M of rank m, the class of the ideal isomorphic to /\™ M is called the Steinitz class 
of M. 

We count the number of C{0,a) for each a. More precisely, for < z < ri we count 
C{0, a)i = {R£ C{0, a)\ R(g)z^ = M^'i+^i x C^^i+ri-i^^ interesting phenomenon we prove 
in the case A; is a quadratic field is that, the Steinitz class is not uniformly distributed in the 
X^/^-term if C1(A;) contains a non-trivial 3-torsion element. 
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Theorem 1.2 f Theorem 17. 8|) . Let k he a quadratic field. For any e > 0, 

(3) 

^^p.^^ #(Aut(i?)) ^ ?>'^+-^'hk ^ ' ^ ' 

iV(A^/C,)<X 

Here *(Aut (R)) denote the cardinality of the automorphisms of R as an O-algehra and h^^^ he 
the numher of 3-torsions of Cl{k) (which is a power of 3.) Also for a G Cl{k), we put T(a) = 1 
if there exists b G C1(A;) such that a = and T(a) = otherwise. 

Before explaining the contents of this paper, we include a brief historical overview of the area 
in order to clarify the background of our results. The study of distributions of discriminants 
or mean values of class numbers of rings or fields extensions is a classical topic in algebraic 
number theory and has a long history. The roots of this topic traces to Gauss, who is the 
first mathematician introducing a group theoretical approach to number theory. In |Gaussj . 
he found that the set of orbits GL(2)2\Sym^Z^ of integral binary quadratic forms corresponds 
bijectively to the set of ideal classes of quadratic rings. Using this he gave conjectures for 
the asymptotic property of the average number of class numbers of quadratic rings. This 
conjecture was first proved by Lipschitz for the imaginary case, and by Siegel for the real case. 
Siegel |Si44j also proved a density theorem for GL(n)z\Sym^Z" in general. 

If one consider cuhic object as we shall do in this paper, the most basic representation is 
the space of binary cubic forms (GL(2), Sym'^Aff^). The interpretation of set of orbits of the 
space of integral binary cubic forms GL(2)2\Sym'^Z^ in terms of cubic rings were discovered 
by Delone-Faddeev |DF64j and many applications to number theory or representation theory 
are obtained to the present. For example, this was used by Davenport-Heilbronn jPHTlj to 
prove the density of discriminants of cubic fields S[i?.(Q]=3 \Ap\<x ^ ~ 3^^C,{3)^^X {X —>■ oo). 

In 1972, Shintani [STV72] made a significant contribution to the study of the class numbers of 
GL(2)z\Sym'^Z^ by applying the zeta function theory of prehomogeneous vector spaces founded 
by M. Sato and Shintani |SS74j . He gave the analytic continuations, functional equations and 
residue formulae of the Dirichlet series. Combined with the results of zeta functions of binary 
quadratic forms |Sh75j . he gave a correction term |Sh75[ Theorem 4] to the main term of 
Davenport's asymptotic formula of distributions of discriminants of irreducible cubic rings 
over Z. 

His works |Sh72l ISh75j are the starting point of our work. The zeta functions of prehomo- 
geneous vector spaces are defined over any algebraic number fields, and by the use of adelic 
language numerous contributions to number theory has obtained. For the case of the space of 
binary cubic forms, a series of work by Wright |Wr85j and Datskovsky- Wright |DW86llDW88] 
gave the generalization of the Davenport-Heilbronn's density theorem over Q above to over a 
general number field k with finite number of local conditions. This was recently improved by 
Kable- Wright jKWOSj to prove an equidistribution result for the Steinitz classes of cubic ex- 
tensions. In both cases what is called filtering process was used to count cubic field extensions 
of k which corresponds a set of rational equivalence classes, rather than the cubic algebras of 
O which to a set of integral equivalence classes. The density problems of integral equivalence 
classes are not well considered other than over Z, and this is what we focus in this paper. In the 
integral equivalence case. Landau's Tauberian theorem |L15j modified by Sato-Shintani |SS74j 
gives a sharp error estimate since our zeta function satisfies a functional equation. (Note that 
a part of Theorem 17.81 is obtained by Wright in his thesis |Wr82j as the mean value of class 
numbers.) 

We first prove Theorem 11.21 (Theorem 17. 8j) and after that Theorem 11.11 (Theorem I7.2()|) . 
The step is to separate the reducible algebras of C(C'), i.e., those R G C{0) with R ®o k 
not a field. As in the case of Z treated in :Sh75^, these are parameterized essentially by 
(B(2), Sym^Aff^) where B(2) is the Borel subgroup of GL(2) consisting of lower triangular 
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matrices. We generalize the argument of |Sh75j to general number fields both algebraically 
and analytically. 

To the author's best knowledge, Theorem 11.21 is the first unequidstribution result of the 
Steinitz classes. We mention that the idea that the character in the zeta function segregates 
cubic algebras by their Steinitz classes is due to Kable- Wright |KW05j . For a conjecture of 
distributions of Steinitz classes for fields, see |KWn51 Introduction]. 

After the summary of the theory of binary cubic forms, a brief illustration of some re- 
sent progress and arising problems of related topics is appropriate. The parameterizations 
of extensions degree 2, 3, 4 and 5 was first systematically established in the celebrated work 
of Wright- Yukie |WY92j via 8 prehomogeneous representations containing (GL(2), Sym^Aff^) 
and (GL(2), Sym^Aff^) as basic cases. A program to prove a series of density theorems were 
proposed, and besides, deep contributions to algebraic number theory were indicated. After 
Wright- Yukie, the arithmetic theory of Z-orbits was first handled by Kable |K00j for one spe- 
cial case, and recently being developed greatly by Bhargava |B04al lB04bl lB04cl IB05j . In his 
published works, he gave generalizations of Gauss' and Delone-Faddeev's orbit ring maps in 
the degree 2, 3 and 4 case, and also obtained the main term of the density of discriminants 
of quartic fields and rings. He also announced some results for the quintic case. On the other 
hand the quintic case is also handled slightly earlier by Kable- Yukie |KY04b[ IKY04a[ IKYOSj 
and an upper bound of the number of quintic fields ordered by the size of discriminants is 
obtained. 

All of the 8 prehomogeneous vector spaces treated in |WY92j are what we call as parabolic 
type classified by Rubenthaler in his thesis |R,u82j . These are obtained by choosing a semisimple 
group and a maximal parabolic subgroup. For details, see |WY92j . |Y93j or their references 
also. The case of binary cubic form corresponds to the exceptional group G2 and its Heisenberg 
parabolic subgroup, and our results might contribute to the theory of G2 such as jHSSnSj- In 
addition, much progress of the theory of zeta function of prehomogeneous vector space should 
be done both globally and locally. One more problem we would like to mention due to its 
number theoretical interest is various kinds of generalizations of Ohno |()97j and Nakagawa's 
|N98j extra functional equation of the global zeta function for the space of binary cubic forms 
over Q to such as general number fields or other prehomogeneous representations. We hope 
these theory to be developed in the future. 

We conclude this section with a brief review of contents of this paper. In Section |21 we 
define the representations we consider in this paper. Main objects we consider are the space 
of binary cubic forms {G,V) = (GL(2), Sym^Aff^) and the space of binary quadratic forms 
{B, W), where W = Sym^Aff^ and B is close to the Borel subgroup of GL(2) consisting of lower 
triangular matrices. An "embedding" of {B,W) into {G,V) described in Definition 12.11 plavs 
an essential role when removing the contributions of reducible algebras. The algebraic part 
of this paper is developed in Section ^ We consider the group theoretical parameterization 
of cubic algebras by means of {G,V) and {B,W). Since arithmetic plays no roles here, we 
consider it over general Dedekind domains. For the space of binary cubic forms (G, V), this is 
regarded as a generalization of Delone-Faddeev's orbit ring map |DF64j . 

The rest of this paper is devoted to the analytic theory. After we introduce notation for 
number fields and give normalizations of invariant measure in Section^ we concentrate on the 
analysis of the zeta functions. Both (G, V) and {B, W) are typical examples of prehomogeneous 
vector spaces and the associated zeta functions are studied by many mathematicians after 
Shintani's pioneering works |Sh721 ISh75| . As we desire to work over general number fields, 
we need to rewrite his work into adelic language. For (G, V), this is done by Wright jWr85j . 
In Section [21 we give the adelic version of the zeta function of {B,W) in jSh75 . Chapter 1]. 
We choose F. Sato's modified approach |Sat81j where the "enlarged representation" {H, U) = 
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(GL(1) X GL(2), Sym^Aff^eAfF^) is well used. We note that the adelic zeta function for {H, U) 
is handled by Yukie |Y93I Chapter 7] in a slightly different formulation. 

In Section El we deal with the archimedean local theory. Since this determines the gamma 
factor of the functional equations, this is important for our purposes. Fortunately this is well 
established and we briefly recall it. In Section [7| we study the density theorems. We define 
our target Dirichlet series and describe them by means of the integral expressions of the global 
zeta functions. Combined with Sato-Shintani's Tauberian theorem |SS74l Theorem 3], we find 
the asymptotic formulae. 

In Section ISl we study some zeta integrals for the space of binary cubic forms {G,V). 
Especially, the residue of the second pole as well as the meromorphic continuation of the zeta 
integral corresponds to irreducible cubic forms is obtained. We hope this result will be useful 
when attacking the conjecture of Datskovsky- Wright |DW02j or Roberts |Ro01j on the second 
term of the asymptotics of cubic field discriminants. We note that some of the result is obtained 
by Yukie in an unpublished note |Y03j by a fairly different method. 

In Appendices we give some supplements to Section |S1 those are logically independent of our 
main theorems. Especially the explicit formula of the local zeta function for the standard test 
function at finit places is given. This result is closely related to Ibukiyama-Saito's work IS95T. 

Notation. For a finite set X we denote by "^X its cardinality. The standard symbols Q, M, C 
and Z will denote respectively the set of rational, real and complex numbers and the rational 
integers. If F is a scheme defined over a ring R and S is an i?-algebra then Vs denotes its 
S'-rational points. (We do not use the notation Vs in the sense of the base change.) If an 
abstract group G acts on a set X, then for x G X we set Stab(G; x) = {g £ G \ gx = x}. If 
f G G\X is the class oi x G X, we also denote the group by Stab(G;y), which is well defined 
up to isomorphism. We always regard the affine n-space Aff" the set of row vectors and GL(n) 
acts on this space from the right. 

2. Prehomogeneous vector spaces 

In this section, we introduce representations (G, V), {B, W), {H, W) and {H, U) we consider 
in this paper and discuss their basic properties. The first one is the space of binary cubic forms. 
The remaining three are concerning on the space of binary quadratic forms and these are closely 
related. All of these are what we call prehomogeneous vector spaces in the sense of |SS74) . 

2.1. The space of binary cubic forms. Let V = Sym^Aff^. We regard V as the space 
of binary cubic forms of variables v = (^1,^2)- Elements of V are expressed in the form 
X = XQvf + xivfv2 + X2V1V2 + xsV2- We choose x = (xq, xi, X2, X3) as the coordinate system of 
V. We define the action of G = GL(2) on V by 

igx){v) = {detg)~^x{vg) = + cv2,bvi + dv2), 9 = (^^ d) ^ 

which is slightly different from the usual one. Note that this twisted representation is faithful, 
whereas the usual action has kernel 113. Let P{x) be the discriminant of x; 

P{x) = X1X2 — 4:XqX2 — 4x^X3 + 18X0X1X2X3 — 27XqX3. 

We put xig) = det{g). Then we have P{gx) = x{gfP{x). We put ^ = {x e F | P(x) / 0}, 
which is a single G-orbit over any algebraically closed field. 

2.2. The spaces of binary quadratic forms and an embedding. Let W = Sym^Aff^, 
regard as the space of binary quadratic forms of variables v = {vi, V2), and express elements as 
y = y{v) = yiVi+y2ViV2 + y3V2- We choose y = (2/1,1/2,2/3) as the coordinate system of W. Let 
H = GL(1) X GL(2) and express elements oi H as h = {t,g) where t € GL(1) and g € GL(2). 
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Representation 


Group 


Vector space 


R.I. & Characters 


{G,V) 


GL(2) 


Sym^Aff^ 




{B,W) 


as in (|^ 


Sym^Aff^ 


Qi ^ xi,Q2 ^ xi 


{H,W) 


GL(1) X GL(2) 


Sym^Aff^ 


Q2 ^ xi 


(H, U) = {H,W® S) 


GL(1) X GL(2) 


Sym^Aff^ © Aff ^ 


Ri ^ xi,R2 ^ xi 



Table 1. Prehomogeneous vector spaces 



We define characters xi ™cl X2 on H by xi(^) = t and X2{h) = tdet{g). We define the action 
ofHonW by 

{hy){v) =ty{vg) =ty{avi + cv2,bvi+dv2), /i = (t, 5) = ( t, ( ° y\]eH. 



We define a subgroup B of H hy 

(2.1) ^={^=Ki I 



and consider the representation {B,W). We put Qi{y) = yi and Q2{y) = ui ~ '^Uills- Then 
we have Qi{by) = Xi(&)Qi(y), Q2iby) = X2{hfQ2{y) foTb€B,yG W. We put W = {y G 
W I Qi{y)Q2{y) 7^ 0}, which is a single S-orbit over any algebraicahy closed field. We also 
consider the representation [H^W). This representation has a single basic relative invariant 
polynomial Q2{y) with the character xl- We put W~= {y &W \ Q2{y) / 0}, which is a single 
i/-orbit over any algebraically closed field. 

Let S = AS^. We express elements of S as y = (2/1,2/2)) choose this as the coordinate 
system of S. We put U = W (B S and express elements of U as y = {y,y) = (yo, yii 2/2, ^i, ^2)- 
Then we can define the action of H on U as follows: 

hy = h{y,y) = {hy,yg~^), h = {t,g)eH. 

We put Ri{y) = yoyj + 2/1^1^2 + 2/2^1 and R2{y) = Q2{y) = yl - 42/i2/3- Then we have 
Ri{hy) = xi{h)Ri{y) and R2{hy) = X2{hfR2{y). We put C/- = {y G C/ | Ri{y)R2{y) + 0}, 
which is a single //-orbit over any algebraically closed field. 

In later sections, we use an "embedding" {B^W^ into (G, which will play a significant 
role in this paper. We define the embedding here. 

Definition 2.1. For a binary quadratic form y G VF, we regard the binary cubic form y* = V2y 
as an element of V. Then P{y*) = Qi{y)'^Q2{y)- We embed B into G via the map 

--^'■a 2))— 



Then for y £ W and b £ B, we have (by)* = b*y* G V. 



3. Parameterization of cubic algebras over a Dedekind domain 

Throughout this section, we assume O a Dedekind domain and k its quotient field. In 
this section we give group theoretical parameterizations of O-algebras which are projective 
of rank 3 as O-modules by means of the representations {G,V) and {B,W). The results are 
Propositions 13. 6l and l3.1!21 The notion of Steinitz class naturally arises in the process. A review 
of geometric interpretations of orbits over fields are included. 



6 



TAKASHI TANIGUCHI 



3.1. Projective modules over a Dedekind domain. For the convenience of reader, we 
review tlie basic properties of projective modules and fractional ideals of Dedekind domains. 
For details, see Milnor's book |M71[ §1] for example. We assume all the O-modules to be 
finitely generated. 

Definition 3.1. (1) An element m of an O-module M is called a torsion element if there 
exists a non-zero element a € O such that am = 0. The set of torsion elements are called 
the torsion submodule of M. If the torsion submodule of M is trivial, M is called torsion 
free. 

(2) For an O-module M, M A: is a vector space over k. The dimension is called the rank of 
M. 

Proposition 3.2. (1) If M is torsion free, then the map M ^ M ® k is injective. 

(2) An O-module M is torsion free if and only if M is projective. Especially, any fractional 
ideal of O is projective, and any submodule of a projective module is projective. 

(3) Let M he a projective O-module of rank n. Then there exists a non-zero ideal a of O such 
that M = 0^~^ © a as O-modules. The ideal class of a is uniquely determined by M and 
called the Steinitz class of M, which we denote by St(M). 

(4) For projective modules Mi andM2, we have St(Mi©M2) = St(Mi®M2) = St(Mi)-St(M2) 
where the last product is of the ideal class group. 

(5) Let a be a fractional ideal of O. Then the inverse ideal a"^ of a is given by {x £ k \ xa C 
O}. Moreover, Homo_mod««e(ci, O) = a~"^ as O-modules. 

(6) For any non-zero fractional ideals a, b and c, there exist elements x,y G k such that xa + 
yb = c. 

3.2. A generalization of Delone-Faddeev's orbit ring map. Let o be a fractional ideal 
of O. We use the same symbol a to denote its ideal class if there is no confusion. We denote 
by Cl{k) the ideal class group of k. 

Definition 3.3. Let C{0) be the set of isomorphism classes of finite O-algebras which are 
projective of rank 3 as O-modules. Elements of C(0) are called cubic algebras. For any 
fractional ideal o, we define C(0, a) = {R e C(0) | St(i?) = a}. 

Proposition 3.4. (1) We have C{0) = UaeCKfc) (^(C' i^)- 

(2) Let R G C(0, a). There is an isomorphism R/O = O © o of O-modules. 

Proof. (1) immediately follows from Proposition 13.21 and we consider (2). We prove R/O is 
torsion free. Let r G R and non-zero x E O satisfy xr E O. Then r £ k. Since i? is a finite 
O-algebra, r is integral over O. Hence we have r E O because O is integrally closed in k. This 
shows that R/O is torsion free and hence projective. We have R = 0(B {R/O) and therefore 
R/O ^ O © by Proposition EI3 (3). □ 

We consider a parameterization of C(0, a) using the representation (G, V), which is a gen- 
eralization of Delone-Faddeev's orbit ring map |DFfi41 Section 15] over 



Definition 3.5. We put 

Gk ^ Ga = 



a b 
c d 



aeO,bea,cea ^ ,d £ 0,ad - be e O^ 



Vk D Va = {x \ xq e a,xi e 0,X2 £ a \x3E0 ^}. 
Then Ga-VaC K- 

We could naturally construct isomorphisms Ga — Aut (O © a) and Va = Sym'^(0 © a) 
A^(0 © a), such that the canonical action compatible. 
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Proposition 3.6. (1) There exists the canonical bijection between C{0, a) andGa\Va making 
the following diagram commutative: 

Ga\Va ^C{0,a) 

discriminant 



(0^)2\a-2 {integral ideals ofO}. 



Here, the right vertical arrow is to take the discriminant, and the low horizontal arrow is 
given by multiplying a^. Moreover, this diagram is functorial with respect to ring homo- 
morphisms of Dedekind domains. 
(2) For each R G C{0, a), let xr be the corresponding element in G^^a- Then Aut o-aig{R) — 
Stah{Ga;xR). 

Proof. Since the proof is similar to |DF64l Section 15] or |GGS02[ Proposition 4.2], we shall 
be brief. For each R G C{0,a), the binary cubic form 

xn: R/O ^ a\R/0), ^^(Af 

can be regarded as an element of Ga\Va since R/O = O © a. This map R ^ xr gives the 
desired bijection. To see this map in fact bijective, we will write down this correspondence 
explicitly. 

Let R e C{0,a). By Proposition 13.41 we fix an O-module isomorphism i? = O © O © a 
such that (1,0,0) is the multiplicative identity 1 of R. We regard R as a subalgebra of 
R0k ^ kekek. Let uji = (0, l,0),u;2 = (0,0, 1). Then R = {p + quJi+ruJ2 \ p,q e 0,r e a}. 
Let wiW2 = a + Pu!i + 7^2- Then since CL'i(oa;2) C R, we have a,/3 G a~^,7 £ O. Hence by 
replacing u)i,uj2 to loi — ^,lu2 — P if necessary, we may assume a;ia;2 G a"^. Let 

(3.1) ujf = j — buJi + auj2, ^2=^~ duji + i^i0J2 = m. 
Then the associativity of the product of the algebra R®k requires 

(3.2) j = —ac, I = —bd, m = —ad. 
Also since Oiof, a^w| C R, we have 

(3.3) a GO, 6 GO, c G d£a~^. 

On the other side. For any a, b, c, d satisfying (|3.3j) . the O-module O © Oui © aui2 becomes an 
O-algebra if we take (1,0,0) as its multiplicative identity and define the multiplication law by 
(|3.H) with (|3.2|) . Let ^{v) = viuii + V2i02. Then by computation we have 

(3.4) 1 A £,{v) A ^(v)^ = {avf + bvjv2 + cviV2 + duf) • 1 A wi A tJ2- 

This shows that xr is a class of avf + bvlv2 + cviV2 + G Vq. These show that the upper 
horizontal arrow bijective. 

To see the commutativity of the diagram, it is enough to check locally, i.e., we may assume 
O a discrete valuation ring. Since this compatibility is known for PID in |DF64j (or by a simple 
computation), we have (1). 

We consider (2). Any G Aut c)_aig(i?) obviously induce ij) G Aut c)_moduie(-R/0). We fix an 
isomorphism R/O = O © a and regard iIj G G^, xr(v) G Vq. We also define u)i,uJ2,a,b,c,d as 
above by using this isomorphism, so that xr{v) = avf + bviV2 + cviV2 + duf ^ Ki- Let 

uj'i = ip{uJi), UJ2 = ii{ijJ2), and ^'(w) = viuj'i + ^2^2- 

Then since ip G Aut c'-aig(-R)) equation 1)3. 1|) also holds for the pair (o;^, cjg) and hence we have 

(3.5) 1 A i'{v) A i'{vf = {avf + bvjv2 + cvxv\ + dv\) • 1 A 0;^ A ^2- 
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By (|3.4() . H3.5|) and 1 A w'^^ A cjg = i^^^ ip) • 1 A ui A UJ2, we see ipixji) = by 
iP{xr{v)) ■ 1 Auj[AuJ2 = xii{viIj) • 1 a tJi a a;2 = 1 A$,{v^j) A ■^(w^')^ 

= 1 A ^'(u) A i'{vf = xr{v) • 1 a w'l a UJ2. 

Hence we have a map Aut c)_aig(i?) — > Stab(Ga; x/j). To see this map an isomorphism is a 
routine task and we omit the details here. □ 

3.3. Parameterization of reducible algebras. We next consider the parameterization of 
the reducible algebras, that is, those R £ C{0, a) with R<^ k not fields. 

Definition 3.7. We define subsets of C(C', a) as follows: 

C{0, a)^ = {R I (8> A: is a cubic field extension of A;}, 

C{0, 0)^ = {R I R® k = k X F where is a quadratic field extension of A;}, 
C{0, a)^ = {R \ R<E) k ^ k X k X k}, 
C{0,af = {R\R^k is an inseparable algebra}. 
We also define subsets of Va as follows: 

= {x I x{v) is irreducible over k}, 

= {x I x{v) decomposes into degree 1 and 2 irreducible polynomials over k}, 
= {x I x{v) has three distinct rational roots in P^}, 
= {x I x{v) has a multiple root in P^}. 
Finally, we put C{0, a)-^ = U^^^^^ C{0, af , V^" = Uo<^<2 
We omit the routine proof of the following lemma. 

Lemma 3.8. (1) We have C{0, a) = lIo<i<3C(0, a)% K = Uo<^<3 K- 

(2) Each V"n is a G a-invariant subset. 

(3) The set C{0,ay corresponds bijectively to the set Ga\V^ via the map of Proposition 
Hence, we consider Ga\V^'^'^. Let a, c be fractional ideals of O. 

Definition 3.9. We put 



t,p e ,u e a \ 



1..-2 



1 0^ 

u pj 

Wk D Wa,c = {y I yi G c,y2 G a-h-\y3 G a-^c-^}. 

Then Ba,c ■ Wa,c C Wa,c. 

Definition 3.10. We define subsets of Wa,c as follows: 

^o,c ~ {y I y(^) irreducible over k}, 

W^^ = {y I y{v) has two distinct rational roots in F^}, 

W^^ = {y I y{v) has a multiple root in P"*^}. 

Then Wa^c = IJo<j<2 ^a,c each W^^^ is a Sn^c-invariant subset. 

To construct the orbit ring map, we need a lemma. 

Lemma 3.11. Let q, s,m,n £ k satisfy qa~^ + sO = ma^^ + nO = c. Then there exists 7 G Gq 
such that 

\ n 
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Proof. Let it: ® O 3 x = {xi,X2) i— > qxi + SX2 G c. This is surjective, and since c is 
projective there is a section /i of vr. Hence we have an isomorphism 

(p: a^^ (£) O — > c © ker TT, x i — > {tt{x), x — fi o tt{x)). 

For vr' : a^^ (B O B (xi, X2) ^ mxi + nx2 G c we also have an isomorphism 

(j)': © O — > c © kervr', x > — > {tt'{x),x - /u' o 7r'(x)). 

By Proposition 12121 we have an O-module isomorphism ip : ker vr ker vr'. Let $ = (/)'~^ o (id© 
(f) o (j), which is dbli GlGIIlGIlt of Aut C'-module 

a^^ © O ^ c © ker TT 



ide</3 



a'^eO ^c©ker7r' 

Then <I> is represented by an element 7 G Ga i.e., <I>(x) = X7 for x G a^^ © O. By the 
commutativity of the diagram above, we have tt' o <I)(x) = 7r(x), i.e., X7(™) = x(f ). Since 
this holds for any x, we have the lemma. □ 

Proposition 3.12. (1) We fix a. For each c, there exists the canonical map iJa,c - -Ba,c\^a,c 
Ga\V^'^'^ making the following diagram commutative: 



p 

(0><)2\o-2^=(OX)2\a-^ 
(2) Moreover, collecting ipa,!: for all c G C1(A;) gives the map 

ceci{fc) 

bijective. Also for y G W^,. we have Stab(-BQ^c; u) — Stab(Ga; ipa,ciy))- 
Proof. We fix 0. Let 

yj-f = {{mvi + nv2){lvl + l'viV2 + l"vl) G FJ"^ | m, n, /, l' , l" G fc, mo^^ + nO = c}, 

y2 ^ yrcd p y2 

a, c a,c ' ' a ' 

which depend only on the ideal class of c. Then we have V^^"^ = Ucgci(fc) ^o,c^ ^'^d = 
LJceCi(A;) ^a,c (Note that the second union is disjoint while the first one is in general not.) We 
use the embedding of Definition 12. II to construct V'a.c- We fix g, s G A: such that qa~^ + sO = c. 
Then, g G ac, s G c, and also there exist p G c^^,r G a^^c^^ such that ps — qr £ . We put 
5a,c = (n) GGfc. We define 

Then iPaAKc) C and 

P (^a,c(y)) = P{ga,cy*) = det{g,^,fP{y*) = {ps - qrfQi{yfQ2{y). 
Also considering i? as a subgroup of G via the embedding of Definition 12.11 we see 

(3.6) ff7cG„5a,cnSfc = 5„,,. 
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This shows that the map ipa,c induces a weh defined map tpa,c - -Sa,c\^a,c — *■ Ga\V^1'^ making 
the diagram in the proposition commutative. Let = (^^, ^ Gk where q'a~^ + s'O = c, 
p' G c~^,r' G a~^c~^ and p's' — q'r' G . Then since 

, 1 ^ 1 f p's - q'r q'p - p'q\ 

we have g'a^^y* G Gaga,cy* ■ This shows that Tpa^^ does not depend on the choice of ga,c- 
We claim that tpa,c is surjective. To see this, let 

X = {mvi + nv2){lvl + I'viv^ + G VJ'",'^, ma'^ + nO = c. 

We take 7 G Ga as in Lemma 13.111 By changing x to 7X if necessary, we assume m = q,n = s. 
Also by a variation of Gauss' lemma, we have I G c^^,l' G a~^c~^, and I" G a^^c~^. This 
shows ipa,c is surjective and hence 'il^a,c - -Bo,c\W^o,c — ^ G^a\^a.c'^ ^1^°- These shows (1) and the 
surjectivity of the map of (2). 

Let y,y' G W^^. We assume V'a,c(y) and V'a,c(y') lie in the same Go-orbit. Then there 
exists 7 G Go such that V2y' = {gall9a,c){v2y) £ Vk- Since y and y' are irreducible quadratic 
forms, 5^ j75a,c niust fix the linear form V2, i.e., g~\^ga,c G -Bfc- Combined with ()3.6() we have 
^ = 5a c79ci,c £ -Bq^c- Hence y' = 6y and therefore y and y' lie in the same i^a^c-orbit. This 
shows that the map of (2) injective. The second statement of (2) can be proved similarly. □ 

Remark 3.13. In |Sh75j . the corresponding statement for Z is shown in the proof of Lemma 
12. 

3.4. Geometric interpretation of orbits over a field. The sets of non-singular orbits of 
representations we defined in Section |2l have well known geometric interpretations over a field. 
We recall those facts here. In this subsection lei O = k be an arbitrary field. 

Definition 3.14. We denote by S2{h) and ^03 (A;) the sets of isomorphism classes of separable 
quadratic and cubic algebras of k, respectively. 

We first consider the space of binary cubic forms (G, V). 

Definition 3.15. For x = x{vi,V2) G V^^^, we define 

= Proj k[vi,V2]/{x{vi,V2)), 

k{x)=T{Z,,Oz^). 

We regard k{x) as an element of S^{k), which is possible because elements of V^^ are separable 
cubic polynomials. 

Proposition 3.16. The map x ^ k{x) gives a bijection between Gfc\V^^ and (?3(A;). Moreover 
this map coincides with the D clone- Faddeev map we defined in Proposition 1^.61 in the domain 
of the definition. 

We next consider the spaces of binary quadratic forms (B, W^), [H, W) and {H, U). 
Definition 3.17. For y = {y,y) G U^^, we define 

^y = ^y = Pi^oj k[vi,V2]/{y{vi,V2)), 
k{y) = k{y) = T{Zy,Oz,). 
We regard k{y) = k{y) as an element of (S'2{k). 

Proposition 3.18. (1) The map y k{y) gives bijections between Bk\W^^ , Hk\Wk, and 

S2{k). Also the map y ^ k{y) gives a bijection between Hii.\U^!^ and S'2{k). 
(2) For y G W^^, we have k{y*) = k{y) x k where y* G V^^^ is defined in Definition \2.1\ 
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4. Notation for number fields and invariant measures 

For the rest of this paper, we assume A; is a number field and O the ring of integers of k. 
In this section we prepare notation for number fields, and fix various invariant measure both 
locally and globally. Let M_|_ = {i G | i > 0}. For an integral ideal I of O the ideal norm 
of / is denoted by N(I). We extend it to general fractional ideals in the obvious manner. Let 
D7t, Tloo, 9Jtf, OJIk and Tic denote respectively the set of all places of k, all infinite places, all 
finite places, all real places and all complex places. For v G Tl, ky denotes the completion of k 
at V and | \v denotes the normalized absolute value on k^. If t> G 9Jtf then 0„ denotes the ring 
of integers of k^, p„ the maximal ideal of and the cardinality of O^./p^. For t G k^ , we 

define ord^,(t) such that \t\v = For any separable quadratic algebra of ky^ let Ol^ 

denote the ring of integral elements of L^. That is, if is a quadratic extension then Ol^ is 
the integer ring of and if = k^ x ky then Ol^ =0^x0^. If fci / k2 is a finite extension of 
either number fields or non- Archimedean local fields then we shall write A^^/^j fo^' the relative 
discriminant of the extension; it is an ideal in the ring of integers of k2- For conventions, we 
let A^2xA:2/A;2 ^he integer ring of /c2- To ease the notational burden we shall use the same 
symbol, A^t^, for the classical absolute discriminant of ki over Q. Since this number generates 
the ideal A^^, the resulting notational identification is harmless. We put r]8(s) = 7r~'^/^r(s/2) 
and Tc{s) = (27r)i-^r(s). 

Returning to k, we let ri, r2, /i^, Rk and be respectively the number of real places, the 
number of complex places, the class number, the regulator and the number of roots of unity 
of k. It will be convenient to set Cfc = 2''^ {27rY^ hhRk^'^^ ■ Let Ck{s) be the Dedekind zeta 
function of k. 

We refer to |We74j as the basic reference for fundamental properties on adeles. The rings 
of adeles and finite adeles are denoted by A and Af , and the groups of ideles and finite ideles 
of k are by A^ and A^^ , respectively. We put koo = k 0q M and = 0z ^- Note that 
O = Ylvemf Oy, A{ = O k, and A = k^o x Af. Following as usual, the fcoo-rational points 
Xk^ of a variety X of A; is abbreviated to X^q. The adelic absolute value | | on A^ is normalized 
so that, for t G A^, |t| is the module of multiplication by t with respect to any Haar measure 
dx on A, i.e. \t\ = d{tx)/dx. We define | |oo on A;^ similarly. Let A-*^ = {t G A^ | \t\ = 1}. 
Let A*^ be the unique maximal compact subgroup of A^. Suppose [fc : Q] = n. For A G M_|_, 
A G A^ is the idele whose component at any infinite place is A^^" and whose component at 
any finite place is 1. Then we have |A| = A. Let c) G A^ be a differential idele of k. 

From now on we give normalizations of measures. We first prepare common notation for 
products of local measures. Let X be an algebraic group over k. Once we normalize a local 
measure dxy on Xk^ for each v G 9Jt, then we always let dxoo = nj;GOToo '^^'^ '^^f ~ nj;eanf '^^'^ 
and dprX = Wv^^sidxy, which are measures on Xqo, ^Af, and Xa, respectively. Hence d-p^x = 
dxoodxf. A global measure usually defined in a different way is denoted by such as dx. We 
give the ratio of dx and dp^x. 

For any v G 9Jlf, we choose a Haar measure dxy on ky to satisfy dxy = 1. We write 
dxy for the ordinary Lebesgue measure if v is real, and for twice the Lebesgue measure if v is 
imaginary. On the other side, we choose a Haar measure dx on A such that J^y^ dx = 1. Then 

dprX = A^f/'^dx (see |We74j . p. 91). For a vector space V, we always choose the Haar measure 
on Va such that the volume of V^/Vk is one. If an isomorphism V = AS^ is fixed, using this 
identification we choose the local measure dxy on Vk^ as the n-product of the measure on ky 

Till 

normalized above. Hence dp^x = A^ dx. For any v G 9Jtf, we normalize the Haar measure 
d^ty on ky such that J^x d'^ty = 1. Let d^ty{x) = \x\y^dxy if v G 9?loo- We choose a Haar 
measure d^t^ on A^ such that fp^i^j^x d^t^ = 1- Using this measure and the decomposition 

M+xA^^A^, (A,t^)^At\ 
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we define an invariant measure d^t on by d^t = d^Xd^t^ where d^X = dX/X. Then 
dp^t = <tkd^t (see |We74) . p. 95). We also choose an invariant measure d^t^ on A*^ such that 

Let be the group of characters on A^/k^ . For uj G i^^, we put 6{u;) = 1 if a; is trivial 
and otherwise. We extend a; to a character on A^/A;^ by assuming that w(A) = 1 for any 
A G M+. Let 0^ be the group of characters on kv If w G Tlf, we put 6{ujy) = 1 if a;„ is trivial 
on and otherwise. For a vector space V, Let ^(Va), ^(V^^), ^(V^oo) and ^(VAf) be the 
spaces of Schwartz-Bruhat functions on each of the indicated domains. 

Let T(2) C GL(2) be the set of diagonal matrices and N(2) C GL(2) the set of the lower 
triangular matrices with diagonal entries 1. Then, B(2) = T(2) ix N(2) is a Borel subgroup of 
GL(2). (This should not be confused to the group B we defined in Section [3) We express 

diag(ti,t2)= i°)eT(2), n{u)=(^^ G N(2). 

We briefly review the standard Haar measure on global and local measure on GL(2). Let /C(2) = 
Uve<m^v{2) where JCy{2) = 0(2), U(2), GL(2)c)„ for v £ Tlu,Tlc,Tl{, respectively. We choose 
an invariant measure dn, dn^ on /C(2), /C^(2) such that /^^g) ~ Ik. (2) ~ I'espectively. 
Obviously, dn = dpj-K. We express element b G B(2)a as b = tn{u) = diag(ti, t2)'^(''i) where 
ii,t2 & and n G A. We put d^t = d^t\d^t2 which is a Haar measure on T(2)a, and choose 
db = \t2/ti\d^tdu as a normalized right invariant measure on B(2)a. Note that if we write 
h = n{u')t where u' € A,t € T(2)a, then db = d^tdu'. We define the local version of the right 

invariant measure db^ on B(2)fc^ similarly. Then dp^b = A^J^^Idb. The group GL(2)a has the 
decomposition GL(2)a = /C(2)B(2)a. We choose an invariant measure on GL(2)a by dg = dndb 
for g = Kb. We define an invariant measure dg^ on GL(2)fc^ similarly. Then dp^g = A^^'^ttf.dg. 

Recall that we defined H = GL(1) x GL(2). We regard GL(1) and GL(2) as subgroups of 
H. We choose dh = d^tdg as the normalized invariant measure on = A^ x GL(2)a. We 
express elements of B as 

We express element b G -Ba as 6 = n{u)a{t,p) where t,p £ A^ and u G A. We choose 
db = d^td^pdu as a normalized right invariant measure on B^. The local measures dhy,dby on 
Hk^, Bk^ are defined in the similar manner and we have dp^h = A].^^C|d/i and dp^^b = A^'^^G^^dft. 
Let GL(2)^ = G GL(2)a | | det(g)| = 1}. We choose a measure dg^ on GL(2)^ such that 

/ f{g)dg= [ [ f{diag{X}/^X'/^)g')dg'd'<X. 

JGL(2)a Jr+ -'GL(2)1 

It is well known that the volume of GL(2)^/GL(2)fc with respect to dg^ is AkCk{'^)/^k- 

Let (•) is a non-trivial additive character on A/k and suppose (x) — niigsut^"^^)^ — 
(x„) G A. We can choose (•) so that = e^™" if w G Tl^ and = \iv & 9Jlc 

and fix such a character for all. We recall the Iwasawa-Tate zeta function. For <I> G ^(A), 
s G C and w G S7^, we define 

(4.1) Y.{^,s,uj)= I \tYuj{t)^{t)d''t. 

J AX 

Let (<I>, s, oj) be the integral obtained from S($, s, lv) by restricting the domain of integration 
to {t G A^ I |t| > 1}. The integral S"'"($, s^oj) is an entire function of s. We define the Fourier 
transform of $ via $*(x) = J^^{y){xy)dy. Then by the Poisson summation formula, we 
have 



S($,s,u;) = S+($,s,cj) + S+($*,1 - s,uj-')+5{uj 



^>*(0) $(0) 
s — 1 s 
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We put 

(4.2) S(o)($,w) = S+($,0,c^) + E+($*,l,c^-i) - 6{uj)^*{0), 

which is the constant term of the Laurent expansion of s, u) at s = 0. 

5. Global theory for the spaces of binary quadratic forms 

In this section, we define the global zeta functions for the spaces of binary quadratic forms 
described in Section [21 and give some principal part formulae as well as analytic continuations. 
These cases are typical example of prehomogeneous vector spaces, and after Shintani's pio- 
neering work |Sh75l Chapterl] the zeta functions were investigated by many authors including 
|Sat81j . |Sai93j . Since most of them are written in the classical language, we reconsidered it 
in the adelic settings along the line with F. Sato's formulation SatSl . Because of Proposition 



.12| our main interest is the zeta function associated to {B,W). However as we will see in 
Lemma 15.71 (which is due to F. Sato), the zeta functions for {H, U) and {B, W) are essentially 
the same, and to give an analytic continuation of the zeta function it seems to be more natural 
to consider representations of reductive groups. Hence we mainly treat {H, U) in this section. 

5.1. The zeta functions. We start with the definition of the zeta function for (H, U). 
Definition 5.1. For <I> G J^{Ua), si,S2 G C and lui,uj2 £ we define 

X{^,si,S2,uJi,uJ2) = / \t\''^\tdetgf'''^uii{t)uj2{tdetg) ^ ^{hy)dh, 
X(^+)($,si,S2,u;i,W2) = / |t|'i|tdet5p'2^i(t)w2(idet5) ^ ^{hy)dh, 

|tdctg|>l fe 



X(2+)($,si,S2,u;i,W2) = / |tr|tdet5 



'u;i{t)LJ2{tdetg) } ^{hy)dh. 



|dct9|<l " k 

For the rest of this section we consider the analytic continuation of X($, si, S2, wi, ^2)- 
When discussing the convergence of integrals we use the phrase normally convergent to mean 
absolutely and locally uniformly convergent. The convergence of zeta functions of prehomo- 
geneous vectors space was investigated by many mathematicians and finally achieved by H. 
Saito |Sain3| . For the convergence of the integrals above, the following lemma holds. In fact, 
(1) is contained in jSai03j and (2) and (3) immediately follow from (1). 

Lemma 5.2. There exist > 0,^2 > such that the following hold. 

(1) The integral X($, si, S2, wi, 0^2) is normally convergent for 5R(si) > 5i, 5R(s2) > 82- 

(2) The integral X^^^\^, si, S2,uJi,uj2) is normally convergent for ^(si) > 61. 

(3) The integral X^'^^\^, si, S2,oji,uj2) is normally convergent for 5R(si -|- 2^2) > 61 + 2S2, 

K(S2) > 52. 

Remark 5.3. H. Saito's result is stronger than the above that the optimum convergence 
domain is obtained by taking 5i = ^2 = 1. In this section we give an alternative proof of this 
fact. 

Before starting the analysis, we make two natural assumptions on $ for practical purposes. 
The first one is: 



Assumption 5.4. The test function $ G y{U^) is of the form $ = (gi T, where ^ G y{W^) 
and T G ^(5a). 
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Since W and S are both iif-invariant subspaces, this is enough for most of the appUcations. 
Let /C be the standard maximal compact subgroup of Ha i.e., /C = x /C(2). Let dn = 
d^t^dK2 be the measure on /C, so that the total volume of K, is 1. For <I> G ^{11^), we define 
M^^,^^,)^ £ y{UA) by 



-M(a;i,<^2)^(a^) = / ^liXl{l^)p2iX2iK))<^>{Kx)dK. 

Jjc 

Then we have si, S2, t^i, ^2) = X(A4(^^^^2)$, si, S2, wi, ^2) and A4(^^_^2)(A4(^j^^2)^) = 

{lui,oj2)^- Hence, without loss of generality, we will assume: 

Assumption 5.5. The Schwartz-Bruhat function <I> satisfies J^(uji,uj2)^ ~ ^■ 

This assumption holds, for example, if <I> is /C-invariant and coi,i02 are trivial on A*^ (cf. 
|KWn5j ) ■ This assumption yields the similar assumptions for the components ^ and T. 
We now define the zeta function for {B, W). 

Definition 5.6. For ^ G ^(Wa), si,S2 G C and uji,uj2 £ , we define 

y(^,si,S2,wi,u;2) = / \t\''\tp\'^'^LJi{t)i02itp) ^iby)db, 

Y+{^,si,S2,ui,uj2)= [ \tntp\^''LJi{t)ij2{tp) Yl '^{by)db. 

For the zeta functions X{^, si, S2, aJi, 0^2) and Y{'$, si, S2, L0i,ui2), the following lemma holds. 
Recall that the distribution S is the Iwasawa-Tate zeta function we defined in l|4.1j) . (The local 
version of this lemma is also given in Lemma I7.1UI ') 

Lemma 5.7. Let us define IZiT G ^(A) by TZiT{x) = T(x,0). We have 

X{<^,si,S2,uJi,uJ2) = y(^,si,S2,wi,W2)S(7^iT,2si,a;i), 

, 52,^1,1^2) = y^{^, si, S2,uJi,uJ2)T.{TZiT , 2si,ujI). 

Especially, the integral Y{^> ,si,S2,oji,uj2) is normally convergent in the region K(si) > 5i, 
3?(s2) > 62 and the integral Y~^{^ ,si,S2-,0Ji-,0J2) is normally convergent in the region 3?(si) > 

Proof. We consider the first equation. The second one is proved exactly the same way. Let 

Z' = {y = {y,y) g U \ Qi{y)Q2{y)y2i / 0,^22 = 0} 
and B' = GL(1) x B(2). Then it is easy to see that = H/. x^^ Z^. We choose the measure 
db' on B'^ as the product measure of d^t on A^ and db2 on B(2)a. By denoting cUi = | • I'^^wi 
and llI2 = \ ■ \'^^^uj2 we have 



X(<I>, si, S2, wi, CJ2) = / L0i{t)uj2{tdet g) ^{hx)dh 

^ H h I F}[ ^ r7l 



a;i(t)u;2(tdet62) ^ <^{b'x)db' 



{t)L02{ttit2) Y ^((i,diag(fi,t2)n(u))2/) 



Y RiT{t^%)\-\d''td''tid''t2du, 
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by changing ti to t^^ and after that t to ttf and ^2 to t2/ti, we have 

tDi(t)52(«2) '^{iait,t2)n{u))y)\t2\d''td''t2du 



</A:X)2x; 



JAx/fcx ,„ 



Hence we have the lemma. □ 

5.2. Principal part formula I. In this subsection, we give analytic continuations of functions 
si, S2, wi, 0^2) and si, S2, wi, u;2) to the region 3f?(si) > 5i and find the principal 

parts in this region. We first define a singular distribution, which arises as a principal part of 
y(^',si,S2,a;i,a;2). 

Definition 5.8. For £ ^(Wa), s gC and uj eQ^, we put 

A(^',s,u;)= / \t\''uj{t)'i/{t,2tu,tu^)d'^tdu. 

JAx xA 

Lemma 5.9. The integral A(^,s,cj) is normally convergent for ?R.{s) > 1. 
Proof. We define the local version of A by 

At,(^'„, 5,0;^,) = / \tv\luJv{tv)^v{tv,2tvUv,tvul)d^tvdUy. 

For V S SUtf we let ^'tj^o the characteristic function of Wq^ ■ Then by computation we have 

1 - 



Jv 



By considering the Euler product, we have the lemma. □ 

We now consider {B,W). We define the symmetric bilinear forms on W by [y,z]vi/ = 
yiZ3 — 2~^y2Z2 + ys-Zi. Let t be the involution on B given by 

r.B^B, b=(t,(' '))^b^=(t-^p-^ ^1 



p J J y \u 

Then we have \by, h''z\w = [y, z\w for all y, z G W and b £ B. 

Definition 5.10. For ^' G S^{Wa), we define its Fourier transform € ^(Wa) by 



^{y) = / ^{z){[y,z]w)dz. 

For b £ B^ and ^ G ^(VFa), we define £ ^(Wa) by ^'^(y) = ^'(6?/). Then we have 
= Finally we define a operator TZ as follows: 

Definition 5.11. For ^ G J?^(VFa) we define 7^^' G J?^(A) by = /^a ^'(x, U2, U3)dn2iiu3. 

The following proposition is an adelic version of |Sh75[ Lemma 4]. 

Proposition 5.12. We have 

Y{'i/,Sl,S2,UJl,UJ2) = Y^{'i/,Si,S2,UJl,UJ2) Si, 3/2 - Si - S2,UJl,UJ^'^UJ2^) 

(5(a;?a;2) , s (^(^2) . / t n 

2s2 — 2 2si + 2s2 — 1 
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Proof. Let ui = \ ■ \^^loi and UJ2 = \ ■ P*^<^2- We set Z = {y e W \ yi{y2 — %i?/3) = 0} and put 

1(5', 51,^2) = / Mt)^2{tp) Yl ^b{y) - Yl ^b{y) db. 

Then since Wk = W^^ II Z^, by the Poisson summation formula we have 

y(^', Sl, S2, t^l, W2) = Y~^{-^, Sl, S2, UJl,C02) 

+ Sl, 3/2 - Sl - S2, L0l,L0i'^UJ2^) + cDi, W2). 

We consider J (*,a;i,tJ2) . Let 

Zi = {yeW\yi^O,yj- Ay^y^ = 0}, Z2 = {yeW\yi = 0}. 
Obviously we have Z}- = Z\\^ 11 Z2jk. We put B'^ = {6 G | < 1} and define 

/i(^',Si,S2) = /_ Si(t)i52(ip)|i;>r^ ^ ^{h'y)dh, 
/2(*,(5i,(52) = /_ wi(t)w2(ip) ^ '^iby)db, 

/3(*,25i,252) = / _ Si(t)52(ip) Yl ^b{y)- Y ^b{y) db. 

Then /(^',a;i,cD2) = {h-h + h)i^,i^i,'^2)- Let us first consider Ii . We let if; = (1,0,0) G Zik 
and = {a{l,p) \ p G Gm}, which is the stabilizer of w in B. It is easy to see that Zik = B^w. 
Hence we have 



/i(*,tJi,a;2) = /_ coi{t)uj2itp)\tp\-^%ib'w)db 

-^A /^wk 

= / uji{t)u>2{tp)\tp\~^^{l/tp'^,2u/tp^,u'^/tp'^)d''td''pdu 

7(AXxAx/fcx)xA 
|tp|<l 



by changing t to t ^p ^, 

= / (2i52)(i"^)|i|^$(i,2tu,ttx^) • (a;?S2)(p"^)|p|^d''to;^po?u. 

i(AXxAx/fex)xA 
|tp|>i 

Since 

/ (S?S2)(p-^)b|3d><p= -iM^^(S?S2)(^)|^|-^ 

JAX/fcX /Sl + ZS2 — O 



|tp|>i 



we have /i(^', (Ji, ti;2) = (2si+2s2 — 3) "'^5(a;fa;2)A('I', s, wi). Similarly we have 12(^5 <^ij (^2) = 
(2s2)~^(^(ci;2)A(^', si,a;i). We finally consider Is cji, CJ2). We have 

l3{^,Ui,U2)= / Ui{t)u2{tp)\p\J{^a{t,p))d''t 

where we put = B^ n Ta and 

■^(*) = / \ Y ^{<'^)y) - Y ^Hu)y) du. 
JNiiNv. \ ..rr ..rr / 
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We consider J{^). We define TZ^^ £ ,y{A) by TZ-s^^x) = ^'(0,0,x). By dividing the index set 
Z2k into 

Z2k = {(0,2/2,^3) I y2 G A:^,y3 e /c} U {(0, 0, yg) I Vs G k}, 
and performing integration separately, we liave 

J(^') = ^7^3$(a) - ^7^3^'(a) + ^ / ^{0,a,u)du- ^ / ^'(0,a,n)dn. 

Since tlie equality X^^g/; ^(0, a, u)du = ^^.g^ ^'(0, a, holds by the Poisson summa- 
tion formula, we have 

J(^) = (y"7^3$(a)_ I n^^{u)du \ - (y7^3^'(a)- / ■R^^{u)du \ . 
Again by using the Poisson summation formula, we have 

Note that we define the operator TZ in Definition 15.111 Now we can easily see 

and hence, 



/3(^,a;i,cj2) = /_ wi(t)a;2(tp)|tpr^ ^^"^ (.t") d"" td"" p 

- /_ ui{t)^2{tp)\tp\~^ Y T^^it~^P'^a)d''td''p. 



Now straightforward calculations show that the integrals above equal to 

(2s2 -2)-l(5(a;2)S(7^^',Sl,a;l) and (2si + 2s2 - l)"^<5(w?a;2)S(7^$, si, wi), 

respectively. These give the desired description. □ 

As a corollary to this proposition, we obtain the following. 

Corollary 5.13. The function S2(s2 — l)(2si + 2s2 — l)(2si + 2s2 — 3)X($, si, wi, S2, (^2) 'is 
holomorphically continued to the region 3ft(si) > 61. Also the following functional equation 
holds: 

(g) T,Sl,S2,UJl,UJ2) = (g) T,Sl,3/2 - Sl - S2,UJi,UJi'^UJ2^). 

5.3. Principal part formula II. In this subsection, we give analytic continuation of the 
function X{^, si, S2,uji,uj2) to the region 3ft(si + 2s2) > 61 + 262, ^{82) > S2 and find the 
principal parts in this region. 

Definition 5.14. Let ?7(i) = {y G | k{y) ^ k x k} and C/(2) = \ U^-^y For i = 1, 2, we 
define 



Sl, S2, wi, W2) = / \t\^^\tdetg\'^^^uJi{t)u;2{tdetg) Y, ^{hx)dh, 
x{f+^($,si,S2,u;i,cJ2) = / |t|^i|tdety|^^2^i(t)cJ2(tdetc/) Y Hhx)dh. 

•J Hk/Hl. „^TT 



dots|<i a;fc'^(») 
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Since ^/f = U^i)UU(^2) we have X = + X(2) and = X^f^^ + X^^^^K By LemmaO 

(jSJ, ^1'^^ '^($,si,S2,u;i,u;2) is holomorphic for 5R(si + 2^2) > + 262,^(32) > 62- We consider 
and X(2) separately. 

We define the bihnear forms on S by [y, = ^1^2 — ^2^1- Let l be the involution on H 
given by (t,^)^ = {t, — {det g)~^ g) . Then we have [hy, h''z]s = \y,^]s for all y,z G S and h £ H. 

Definition 5.15. For T G ^(Sa), we define its Fourier transform T by 

f{y)= [ T{z){[y,ns)dz. 



We first consider X(-2) ($, si, S2, wi, u;2)- Since the zeta function associated with (H,W) 
appears as a term of the residue at si = 1 (this observation is due to Shintani |Sh75j ). we 
recall the definition of the zeta function for the space. In this case, due to the convergence 
problem, we are not allowed to let the index set of the summation in the integral to be Wk. 
We use W^2) defined below instead. Let dh^ = d'^tdg^ for = {t,g^),t E A^,^^ G GL(2)^. 

Definition 5.16. Let W(2) = {y S \ k{y) ^ k x k}. For ^' G ^(Wa), si,S2 G C and 
uJi,i02 G we define 

C/(*,si,S2,wi,W2) = / \t\''+^'^u;i{t)uJ2{tdetg^) ^ ^{h^y)dh\ 

The function , si, 52,^1,^2) is essentially in one variable but we use the above definition 
for conveniences. It is well known that the integral converges if 3f?(si + 2^2) > (^3 for some ^3. 
By changing 5i and 82 if necessary we may assume 5^ = 5i + 282- For p G G^, we have 
itp'^TP^^g)y = {t,g)y. Hence by computation we could see: 

Lemma 5.17. 

C/(^',si,S2,t^i, W2) = 1 - + S2 - l/2,a;f \a;iu;2). 

Proposition 5.18. 

X(2)(^' T,si,S2,wi,a;2) 

= X^l^\^ T, si, S2, cJi, CJ2) + ^(2)^^(^ T, 1 - si, si + S2 - 1/2, cjr\ W?W2) 

T(0) T(0) 

+ ^^U{^,si,S2,uJi,uJ2) —U{^,si,S2,u;i,u;2)- 

si - I Si 

Proof. Let uji = \ ■ and i02 = \ ■ P*^W2- Since y{v) is a irreducible quadratic polynomial 
for y = G f/(2), Ri{y) = implies y = 0, i.e. , U(2) = W^(2) x {y £ Sk\y ^ (0,0)}. Hence 

by the Poisson summation formula, 

X(2)(^>, Si, 52,^1,^2) - -^^(2) (<I',Si,S2,Wl,'^2) 

wi (t)cD2(t det 5^)1 det 5f| ^ ^! {hy)T {h''y)dh 

+ / 5i(t)w2(tdet5) V ^'(%) (|det5|T(0) - T(0)) d/i. 

It is easy to see that the second integral in the formula above corresponds to the last second 
terms in the formula of the proposition. We consider the first integral in the formula, which is 
equal to 

wi(t)u;2(i/detg)|det5|-i ^{h'y)T{hy)dh. 
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For y £ W we have h''y = (t, — {det g)~^ g)y = {t{det g)~'^ , g)y . With this relation in mind, by 

^(2+ 
^(2) 



changing t to t{degg)'^ we could see that the integral is equal to xj'^^\"^ (g) T, 1 — si, si + S2 



We next consider Xj^^^ ($, si, S2, cui, u;2). We introduce a function which plays an important 
role in our analysis. 

Definition 5.19. For T e S^{Sa), s G C and lu G Q^, let 

S2(T,S,W)= / \tit2\'uj{tit2)T{ti,t2)d''tid''t2, 

Ax xAx 

S+(T,S,W)= / \tit2['uj{tit2)T{ti,t2)d''tid''t2. 

Ax xAx 
|tit2l>i 

Note that the function E^(T,s,C(;) is entire. We put Z = {(X21X22) G S \ 2:21X22 = 0}. Let 

K{T,ti,t2) = \tit2r^ ^ T{t2^X2i,t^^X22) - ^ T (^1X21 , t2a:;22) , 
j'{T,s,uj)= / \tit2\''io{tit2)K{T,ti,t2)d''tid''t2. 

J(AX/A;X)2 



Then by the Poisson summation formula, we have 

S2(T, s, u>) = S^(T, s, uj) + I1^(T, I — s, + J'(T, s, uj). 



For T G ^(5a), we define 7^lT,7^2T G ^(A) by 7^lT(x) = T(x, 0), 7^2T(x) = T(0,x). Then 
the following holds. Note that we define the distribution E(o) in ()4.2() . 

Lemma 5.20. We have J\T,s,uj) = 6{uj)J"{T,s) where 



= (7^ + (S(o)(^iT,0) +S(o)(7^2T,0) 
+ ^ - - (S(o)(7^lT,0) + S(o)(7^2T,0)) . 

Proof. We shall calculate the integral J' by dividing it to the three integrals 
Jq = ^ J'l = 5 "^2 = / 

J|ii|<l,|t2|<l -'l<|ti|<|i2h^ •^l<|t2|<lilh^ 
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Then by suitable uses of the Poisson summation formula for each integral, we have Jj'(T,a;) = 

6{lo)J"{T,s) where 

T"(r - ^ ^(0) _ (^lTr(0) + (7^2T)*(0) 

+ (s+(7^lT, l-s) + S+(7^2T, 1 - s)) 

- - (S+((7^lT)^ 1 - 5) + S+((7^2T)^ 1-s)), 

s 

Jf (T, s) = (S+((7^2T)^ 1) + S+(7^lT, 0) - S+(7^lT, 1 - s)) 

- i (S+((7^2T)^ 1) + S+(7^lT, 0) - S+((7^2T)^ 1-s)), 
J^'(T, = (s+((7^lT)^ 1) + S+(7^2T, 0) - S+(7^2T, 1 - s)) 

- - (S+((7^lT)^ 1) + S+(7^2T, 0) - S+((7^lT)^ 1 - s)) . 
s 

Since (7^lT)*(0) = (7^2T)*(0) and (7^2T)*(0) = (7^lT)*(0), by adding all them up, we have 
the formula. □ 

Definition 5.21. We define T^iu) G ■^('S'a) by T„(y)(y) = T{n{u)y). We put 
Ui{-^,s,uj)= \t\^Lo{t)-^{0,t,tu)du, 

J AX xA 

n2($, s,io)= [ \t\'Loit)^io, t, to)S(o) (7^2(T^„)), o)dXtdt^. 

xA 

It is easy to see that these integrals are normally convergent for 3fi(s) > 2. 
Proposition 5.22. We have 

(2+) 

(g) T,si,S2,u;i,u;2) = ^(i) (* <^ T, si, S2, c^i, 0^2) 
+ «) f , 1 - si, si + S2 - 1/2, wfS w?a;2) + 2-^(5(wi) J($, si, S2,a;ia;2), 

where J si, 82,1^1102) is given by 

^ ;T{0)Ui{^,si + 2s2,iOiu;2) + ^T(0)ni(*,si + 2s2,a;ia;2) 



(.1 - 1)2 

+ ^T^(O) (^1^ ' 0)ni(*, si + 2s2, UO1LO2) + n2(* T, si + 2s2, u;ilj2) 

Sl — i Si — i 

- — S(o)(7^lT,0)^l(*,Sl + 2s2,a;ia;2) - —U2{^,si + 2s2,iOiUJ2). 

Sl Sl 



Proof. As before we put uji = \ ■ |*^a;i and UJ2 = \ ■ \'^'^^C02- Let C/(i) 3 w = {wi,W2), where 
wi = (0, 1,0), u;2 = (1, 1). We put B' = GL(1) x B(2). We choose the measure db' on B'^ as 
the product measure of d^t on and db2 on B(2)a. Let *n(u)(y) = '^{'n{u)y). Then since 
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J7(i) = HkW and *{H^k) = 2, (<I>, si, S2, ^^i, ^^2) equals to 
1 



2 



tJi(t)u;2 (t det 5) \I'(/iti;i)T(/iW2 

Ha 



wi(t)52(tdet 62)^'(^V)T(6'u;2)c?6' 



= ^ / u;i(tV2(ttit2)^„(«)(0,ttit2,0)T„(„)(^,^)d^td^tid^M^x. 

^ y(Ax)3xA *1 *2 

By changing ti,t2 to l/t2 and after that t to ttit2, we have 

X(^l){^,Si,S2,UJi,UJ2) = \ I OJlOJ2{t2)'i^n(u){0,t2,0)T,2{Tn(u),Sl,UJl)d^t2du. 

Also the same modification yields 

X(lt\^,Sl,S2,u;i,UJ2) = \ 1 '2i'22(i2)^n(«)(0,t2,0)i;^(T„(„),si,wi)ci''t2'iu. 

^ ' ^ JAx xA 

Now by applying Lemma I5.2U1 we obtain the desired formula. □ 

As a corollary to Propositions 15. l51 and W^TR we also obtain the following. 

Corollary 5.23. The function s\{si — si, S2, wi, ^2) is holomorphically continued to 

the region 3ft(si + 2s2) > 5i + 282, "^{82) > ^2- ^Iso the following functional equation holds. 

T, si, S2, uJi,uJ2) = T, 1 - Si, Si + S2 - 1/2, w^f \ u;fa;2). 

Remark 5.24. This functional equation is nothing but those of L-functions of quadratic 
extensions of k. For this fact, see Proposition IB. 91 

5.4. Analytic continuation. By putting together we have obtained in the two previous sub- 
sections, we obtain meromorphic continuation of the global zeta function. 

Theorem 5.25. Let X{^,si^S2,uji,uj2) = s?(si - l)^S2(s2 - l)(2si + 2s2 - l)(2si + 2s2 - 
3)X(<I>, si, S2; f-t^i) "^2)- Then X(<I>, si, S2) ^^^ij '^2) is holomorphically continued to all C^. Also 
the zeta function satisfies the following functional equations: 

(g) T,si,S2,wi,c<J2) = (g) T,si,3/2 - si - S2, wi, wf^w^^) 
= X(* T, 1 - si, si + S2 - l/2,uj^\ujfuj2) = f , 1 - si, 1 - S2, 

Proof. By Corollaries 15. 131 and 15.231 X(<I>, si, S2; t^i; '^2) can be continued holomorphically to 
the tube domain 

^ = {(si, S2) e I 3f?(si) > Si} U {(si, S2) G I 3f?(si + 2s2) >Si + 252^^2) > S2}. 

Since the convex hull of V coincides with C^, X(<I>, si, S2, wi, 0^2) can be continued holomor- 
phically to the whole (cf. |H73[ Theorem 2.5.10]). The functional equation is obvious. □ 

As a corollary to this theorem, combined with the Hartogs theorem |H73l Theorem 2.3.2], 
we can strength Lemmata 15 . 21 and 15 . 71 as follows (see Remark 15.30 

Corollary 5.26. The statements of Lemmata \5.^ and \5. 7| hold with 5i = 62 = 1- 

6. Archimedean local theory for the spaces of binary quadratic forms 

In this section we describe the gamma factor of the functional equation of the local zeta 
functions. This is used in the proof of Theorem 17.131 to determine the gamma factor of the 
functional equation of the Dirichlet series. We study some non-archimedean local theory in 
Appendix IbI 
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6.1. The definition of unramified local zeta functions. In this subsection v € dJl is 
arbitrary. For convenience we introduce an index set of the orbits Hi:^\U^^^. 

Definition 6.1. For each t> E SOT we let 7^ be the index set for tlie set of orbits i?fc^\C/|^. 
By Proposition 13.181 X corresponds bijectively to the set of isomorphism classes of separable 
quadratic algebras of ky. For jy £ Ty, we denote by ?7fc„j,„ or simply Uj^ the /ffc^ -orbit in C/^^ 
corresponding to jy. For v G OJIm, we further let 7^ = {1,2} where the orbit corresponding to 
M X M is labeled 1 and C labeled 2. For u G 9Jtc we let Ty = {1}. Hence Uri = {y £ C/f | 
R2iy) > 0}, C/m,2 = {ye C/f | i?2(y) < 0} and Uc,i = C/^^ 

The unramified local zeta function is defined as follows: 

Definition 6.2. Let jy £ Ty. Take an arbitrary element y £ Uj^. For ^y € S\Uk^) and 
si, S2 G C, we put 



Xy,jA^y,si,S2) = / \Ri{hyy)\l'^\R2{hyy)Yy^^y{hyy)dhy, 

^,j„($,,si,s2) = I \Ri{yv)\l'-^\R2{yv)\T^^v{yv)dyy. 
By the uniqueness of the invariant measure, these coincide up to a positive constant. We put 

These integrals converges at least 3f?(si) > l,3?(s2) > 1. The next lemma follows from a 
straightforward computation of the Jacobian determinant of the double cover B h hy £ 
Uj^ for suitable coordinate systems. 

Lemma 6.3. Let v E Tloo- We have byj^ = 2Tk^{2). * Especially it does not depend on jy. 

We define the local Fourier transform exactly same way as the global one. 
Definition 6.4. Let ^y E y{Uk^). We define the Fourier transform of by 



^V{yv)= / ^v{Zy){[yy,Zy\w +[yy,Zy\s)ydZy. 

6.2. Functional equations at infinite places. In this subsection we give the functional 
equations of local zeta functions at OJtoo- As in the global situation Section 1^1 the local zeta 
functions satisfy 2 kinds of functional equation. However here we deal with only 1 kind which 
we need to prove density theorems. For other types, see Appendix 1X1 

Proposition 6.5. We assume v E Moo- Let r(si, S2) = r(si)^r(s2)r(si + S2 - 1/2). 

(1) The function Uyj^{^y, si, S2) becomes entire after multiplied by r(si,S2)~^- 

(2) Let E ,y{UM.)- The functional equation for R is: 



^{S1,S2)Dk{Si,S2) ' 



^2. 

^,2(^, Si, S2) J ^3si+2s2-l/2- \U^,2{^, 1 - Si, 1 - S2; 

where the 2x2 matrix D^{si,S2) = (c^R,ij(si, S2)) is given by 

^2 cos2(si7r/2) sin((si + 2s2)vr/2) sin(si7r) cos(si7r/2) 

sin(si7r) cos(si7r/2) sin(si7r) cos((si + 2s2)vr/2) 

(3) Let $ E ,y{Uc). The functional equation for C is: 

22{2s2-si) _ 

^C,l(^, Si, S2) = „2(3si+2s2-l/2) r(si, S2)^^c(gl, S2)^C,l(^, 1 - Si, 1 - S2) 



vr 



where the 1x1 matrix Dc{si,S2) = '^c,i,i('5i, S2) is given by 

— sin2(7rsi) sin(7rs2) cos(si + S2)7r. 



*We define rR(s) and rc(s) in Section |1| 
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Proof. Let Vi, V2, respectively be the homogeneous hnear differential operator of y of degree 
3, 2 with constant coefficients defined by 

Viexp{[y,z]w + [y,z]s} = Ri{z) exp{{y,z]w + [y,z]s}, 
V2exp{[y,z]vy} = R2{z) exjp{[y,z]w}- 
Then by computation we see 

V,{Ri{W'R2{W) = 45?(si + S2 + l/2)R^{y)^--'R2{W\ 
V2iRiiyrR2iWn = 16s2(si + S2 + l/2)R,{yrR2{W~'- 

Hence, by the repeated use of integration by parts we could see that r(si, S2)~^Uvj^{^v, si, S2) 
is an entire function. This proves (1). The functional equation for the real place was accom- 
plished by Shintani. The formula (2) could be found from |Sh75j . For the complex case, 
we choose ^{y) = exp{-27r(|?/i|c + 2"^|?/2|c + lyalc + l^ilc + |y2lc)} as the test function. 
Then as in \100\ Thorem 6.3.1] the local zeta function for ^' is computable and we could see 

^C,i(^',si,S2) = 47r-^/2(27r3)i-«i(7rV4)^"^2f (si,S2). Now we could find cc,i,i(si, S2) as above 
since $ = 2^. □ 

We define the product objects for infinite places as follows. 

Definition 6.6. (1) We put T^o = Ylvemoo'^'"^ which we regard as the index set of orbits 
H^\U^. Elements of %o are denoted by j = {jv)v&moo- We put Uj = ]\^(,^ Uj^, C U^, 
which is an i^oo-orbit corresponding to j = (jy) S Too- 

(2) For j G%Q and ^>oo G y{Uoo) we put 

^ooj(^'oo,Sl,S2) = / \Rl{yoo)\'c^'^\R2{yoo)\Z'^'^oo{yoo)dyoc- 

For j = = {Q G Too, put doo,i,/(si,S2) = Uvem^ '^k^dv,ivisi^ ^2). If there is no 

confusion we drop the subscript 00 and write Uj, djj instead of ^00, j) '^ooj,^ respectively. 

(3) The Fourier transform of $00 £ '^(Uoo) is defined similarly to Definition 16.41 

As a corollary to Proposition 16.51 we have the following: 
Corollary 6.7. For j,l £ Too, we have 

_^ 2n{2s2—si) ^ 

Uj($oo, Si, S2) = „(3^^+2s2-l/2) ^('^l'^2)" 5Z ■52)^/(^00, 1 - Si, 1 - S2). 



7. Density theorems 

In this section we consider the Dirichlet series associated with the prehomogeneous vector 
spaces {G,V), {B,W), and {H,U). By the results of Section |31 these turns out in Lemmata 
17.31 17.1UI to be counting functions of cubic algebras of O. From the functional equations as 
well as the residue formulae of these Dirichlet series, we derive the asymptotic formulae on the 
distributions of discriminants of cubic algebras of O. Our tool to find a density theorem is a 
modified version |SS74l Theorem 3] of Landau's Tauberian theorem |L15[ Hauptsatz], using 
the functional equation to derive some informations on the error term. 

Before starting the analysis we prepare some notation concerning on the ideal class group 
Cl{k) of k. For a fractional ideal a, let i{a) G A^(c A^) be the corresponding idele, which 
is well defined up to O^-multiple. That is, i(a) G A^^ is characterized by the condition 
a = k n i{a)0. Then \i{a)\ = A^(a)^^. Notice that the infinite component of i(o) is trivial. 
If there is no confusion we simply write a instead of i{a). The set of characters of C\{k) is 
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denoted by C1(A;)*. We regard uj £ C1(A:)* as a character on the idele class group A^/k^ via 
the standard composition of the maps 

AVA;"" ^ A^/kl^k^'d'' ^ A^'/k^k'^d'' ^ Af7A;^0^ ^ C1(A:) ^ C^, 

where we put kl^ = A^n k^. Then a;(a) = a;(i(a)). Also UJ is trivial character on C1(A;) if 
and only if trivial as a character on A^/k^ . Note that this character is trivial on A''. For an 
affine space X defined over O, let J^qI-'^a) C ^(Xa) be the set of elements of the form <I>oo'X><l*f,o 
where <^oo G -^(Xoo) is arbitrary and <I>f^o is the characteristic function on Xq. Finally, for 
Lo G C1(A;)* let L{s,lo) be the Hecke L-function with respect to uj; L{s,uj) = ^(ii^(ci)A^(a)^* 
where a runs through the all integral ideals of O. 



7.1. The Dirichlet series for the space of binary cubic forms. We first give a remark 
on orbits Gk,\V^^ for v £ SOtoo- Let K be either R or C. Then the map <^2{K) B F ^ F x K £ 
S'3{K) gives a bijection. Via this map, we can construct a bijection between two sets of orbits 
HK\Uf^ and G/^\V|? which is useful for later purposes. More precisely: 

Definition 7.1. Let v G Tloo- Then by Propositions EH and EUl the map -Bfe„\^fc' ^ 
Gk^\V^^ induced by the map of Definition 12. II is bijective. Hence we also use % and 7^ as the 
index set for the sets of orbits of Gk^\V^^ and Goo\V^. As in Sectional the orbit corresponding 
to j S 7^ in V"^^^ is denoted by Vfc„j„ or Vj^, and to j £ T^o in is denoted by Vj. 

The Dirichlet series we are in interest are as follows. We use the notation in Sectional 

Definition 7.2. (1) The index set 7^ parameterizes the separable cubic algebra of k^o. For 
3 S 'Foo, let koo{j) the corresponding algebra and 

C(0, a)j = {R£ C{0, a)\R^okoo = koo{j)}- 

(2) We regard Vq as a lattice of Voo- For s G C and uj £ C1(A;)* we put 

,p (*(Stob(G„;i)))-' _ ^ (*Aut(Ji))-' 

'&j{s,uj) = ^ uj{a)'dj{a;s), 

aGCl(fc) 

where the second equality of the upper formula follows from Proposition 111 HI Note that by 
this second equality, we see that i}j{a; s) depends only on the ideal class of a. 

(3) For $ £ .y(yA), s G C and w G we define 

Z*{'^,s,uj) = / \detg\'^'uj{detg) ^ <^{gx)dprg. 

(4) For each j £ F^q we define the local zeta function at 9Jtoo by 

Zj{^oo,s)= \Pigoox)\l^^oo{goox)dgoo. 

^ Goo 

where x is an arbitrary element of Vj. 
Lemma 7.3. For <^ £ ^o(^a), s £ C and uj £ C1(A;)*, 

Z*{^,s,uj)= Zj($oo,s)t?i(s,cu), 
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Proof. Let /Cf(2) = Gq. It it is known that the double coset space Goo^Cf (2)\GA/Gfc is repre- 
sented by Cl{k). More precisely, we have = LJaeCi{A:) Coo^f (2) • diag(l, o) • G^. According 
to this decomposition, we define the partial zeta integral by 

Z*($,s,cj)= / |detg|2«w(det(7) V <^igx)dpr9. 

JGoo/Cf(2)-diag{l, a)-Gfc/Gfc ^^y,. 

We put /Cf(2)a = diag(l,o)"^ • /Cf(2) • diag(l,a) and ^a{x) = <I>(diag(l, a)x). Then since 
|det(/Cf(2)aGfc)| = a;(det(Goo/Cf(2)„Gfc)) = 1, ^>o is /Cf (2)a-invariant and |a| = iV(a)-\ we 
have 

Ki^^s,uj) = / Idetfifool^ V ^a{9oox)dgoodgi. 



We could easily see that Vk n diag(l, o) ^Vq = Va as a subset of Voo and Gfc n /Cf (2)a = Gq as 
a subset of Goo- Hence 

Ki'^:S,uj) = -^1^ [ Idet^ool^ V <^oo{9ocx)dgooX [ dg{. 

Since Ga( is unimodular, Xcj.(2)„ ^^f ~ /A;f(2) ^S'f ~ ^' by the usual modification we have 

Z;{<^,s,uj) = ^j($oo,sV(a)??j(o;s). 

By summing all o G C1(A;) up, we have the desired formula. □ 

Hence, the Dirichlet series ??j(s, iv) is exactly an example treated in |DW86j . and the analytic 
continuation, functional equation, and residue formulae are described. We recall the results 
here. 

Definition 7.4. For j = (j^) € %q, we define r(j) = *{v £ Tlu \ jv = !}• We put 

Definition 7.5. Let V be the submodule of V defined hy V = {{xq, 3x1, 3x2, X3) I 2:0, . . . , X3 G 
Aff}. Then G acts on F also. For a G C1(A;) let K = ^(A;) n diag(i), ()a)-^F(0) (recall that c) 
is a differential idele of fc) and put 

Ms,u;)= ^i^) E *(Stab(G„;x))-iiV(a)-2^|P(x)|-. 

oeci{fc) xeGaMKnVj) 

For j,l G Too, we define Cj^i{s) = l\vem'^k^,jv,iAs) where 

/ , 1 /sin27rs 3sin7rs\ . 2 ■ 1 \ ■ 1 s 

{cuii(s)] = -[ . ■ r, , cciis)=sm TTSsmlTTS ismlvrsH ). 

V 2 Vsmvrs sm27rsy ' ^' ^ ^66 

Theorem 7.6 (Datskovsky- Wright |DW86j ) . The Dirichlet series i!}j{s,iLi) are continued holo- 
morphically to the whole complex plane except for possible simple poles at s = 1,5/6 with the 
residue 5(a;)2tfc(l + 3~''(-^^~''2), (5(u;'^)(5/6)*Bfc3^''"(-'^/^, respectively. They satisfy the functional 
equation 

on(6s-2) 

^^il-s,u;) = ^^T{sf-T{s-l/6rT{s + l/6r ^ cij{s)Ms,u;-'). 
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7.2. Distributions of discriminants of cubic algebras. We are now ready to prove a 
density theorem from the zeta function for (G,V). Let a G Cl{k). 

(s) 

Definition 7.7. Let /i^ be the order of the subgroup of 3-torsion elements of C1(A:). For 
G C1(A;), we put T(a) = 1 if a is 3-divisible (that is, there exists b G C1(A;) such that a = b^), 
and rfa) = otherwise. 



Theorem 7.8. (1) Let k be a quadratic field. For any e > 

^ #(Aut(i?)) ^ 3''0)+'"2 /ifc ^3''0)/2/ifc ^ ' ^ ' 



ReC{0,a)j 

(2) Let k be a number field with n = [k : Q] > 3. For any e > 0, 

^ #(Aut(i?)) ^ 3'^(j)+^'2 ^ /ife ^ J \ J 

Proof. By the orthogonality of the characters, 'dj{a]s) = X](^eci(fc)* '^('^)^^''^('^' '^)- Hence by 
Theorem 17.61 we know the analytic properties of 'dj{a]s). For example, the residues at s = 

1, 5/6 are gi ven by hl^{l+'i-'''^^^-''^)'^k, T{a){b/&)^k'i~''''^^''^-{hf^ /hk), respectively. Co mbined 
with |SS74l Theorem 3] we have the above formulae. (Note that in the notation of |SS741 
Theorem 3], = 4n, Yl\=i — Yld=i Pi — ^'^j S = 1 and fii = ij,2 = 1 + e where e > is 
arbitrary.) □ 

7.3. The Dirichlet series for the spaces of binary quadratic forms. In this subsection 
we study Dirichlet series associated with the spaces {B, W) and (H, U). 

Definition 7.9. (1) For j G 7^ we define Wj C similarly to Uj and put 

(#(Stab(i?„,,;y)))-i 



^^■^"'''"''"'^ ^ iV(c)-iiV(ac)2..|Qi(y)|^|Q2(y)|S' 



£,j{si,S2,uJi,uJ2) = ^ t^i(c) ^uj2{ac)(j{a,c;si,S2), 
o,ceCi(fc) 

Sj(si,S2,Wl,W2) = (.j{si,S2,UJl,UJ2)L{2si,Ujl). 

(2) We define Y*{^,si,S2,uji,uj2) = l^]!^<tl ■ , si,S2,'^i,'^2)- That is, we define Y* as 
the integral exactly the same way as in Definition 15.61 except for replacing the measure 

dh by (ipr^. Similarly, we put X*{<^,si,S2,oJi,uJ2) = A^^^C^ • X($, si, S2, wi, 0^2) and 
S*(7^lT,s,cJ) = (Tfc • S(7^lT,s,u;). 

(3) For j G Tea we choose y G Wj and y G Uj arbitrary. We define 

3^oo,i(^oo,Sl,S2) = / \Qi{hooy)Y^\Q2{booy)&oo{hooy)dboo, 

•J Boo 

^oo,j{'^oo,si,s2) = / \Ri{hooy)\Z\R2ihooy)\Z^ocihooy)dh^, 

^oo('^lf coj — / l^oo I cjo'^co (^00 5 0) d toO' 

Recall that we put IC = x /C(2) which is a maximal compact subgroup of H^. Let /Cqo 
be the infinite component of this group. 
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Lemma 7.10. Assume G y{Uj^) is IC-invariant. We have 

Y*{'i',Sl,S2,LOl,L02) = ^ !yooj(^'oo,Sl,S2)Cj(si,S2,Wl,U;2), 
X*{^,Sl,S2,iOl,i02) = ^ Xoo,j{^oo,Sl,S2)Ej{si,S2,LOl,UJ2)- 

Proof. We put /Cb = -Bg- Then we have = L[ocGCi{fc) ^oo^B ■ a(c~^, ac^) • Bj.. We could 
see that as a subset of Wqo or Boo, 

Hence by the similar modification to Proposition 17.31 we obtain the first formula. We consider 
the second one. It is well known that S*(n', s,uj) = Soo(n^, s)L{s,uj) for IT' G ,yQ{A). On the 
other hand, since <I> is /Coo-invariant, we can prove 

^ooji^oo, Sl, S2) =3^ooj(^oo, (7^lToo,2sl) 

by the changes of variables similar to the proof of Lemma 15.71 Hence by Lemma 15.71 and the 
first formula we have the second one. □ 

In order to determine the analytic properties of these Dirichlet series we recall the following 
well known result. 

Lemma 7.11. Let j G 7^ and ri,r2 G C. There exists a ICoo-invariant function $00 £ -^(Uoo) 
such that the support of is contained in Uj, A'oo,j($oo) ^i, 52) is an entire function and 
ri,r2) 7^ 0. 

Definition 7.12. We put U = {(7/0,2^1,^2,^1,^2) I ?/o, yi, ^2, yi, ^2 ^ Aff}, which is a B- 
invariant submodule of U. We define the Dirichlet series Hj(si, S2, wi, ^2) for {B,U) similarly 
to Definition 17.91 (Also see Definition 17.51 ') 

Theorem 7.13. The Dirichlet series Hj(si, §2, f-^i, "^2) becomes an entire function after multi- 
plied by (si — l)^(s2 — l)('Si + S2 — 3/2). It has the functional equation 

2n(2s2— si) _ 

Ej{l - si,l - S2,u;i,a;2) = ^(3^^+252-1/2) ^^'^i' Yl diji^i, S2)'Ejisi, S2,uj{^ ,uj2^). 

Proof. Take a /C-invariant function ^ G =5^o(^7a) such that is as in Lemma [7.11l Then since 
the distributions A(^,si,u;i), S(7^^', si, cui) in Proposition l5.121 T(0) in Proposition 15 . 1 81 and 
S(o)('7^iT, 0)ni(^', si + 2s2, ti;iW2), n2(\I' T, si + 2s2, ^^^1^2) in Proposition 15.221 have singular 
supports, X*(<I>, si, S2, wi, 0^2) becomes entire after multiplied by {si — 1)^(^2 — l)(si + S2 — 3/2). 
Also by Lemma I7.1U1 

X*($,si,S2,a;i,a;2) = Xooji^oo, si, .S2)Ej{si, S2,uji,uj2). 

This proves the first statement. On the other hand since $ is also /C-invariant and <I>f is the 
characteristic function on Ug , the same argument of Lemma 17.101 shows 

X*{$,Si,S2,UJi,UJ2) = ^ Xj{^oo,Si,S2)Ej{si,S2,u;i,UJ2). 

Hence by the two equations above. Theorem 15.251 Corollarv 16.71 and Lemma 16.31 we have the 
functional equation. □ 
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7.4. Contributions of reducible algebras. Now we consider contributions of reducible al- 
gebras. We describe the analytic properties of the Dirichlet series in the question for general 
characters of Cl(fc), but apparently the author succeed in finding density theorem with a good 
error estimate only from the Dirichlet series with trivial characters. 

Definition 7.14. Let a, c be fractional ideals. We put 

#(Stab(i?„,,;2/))-i 



7?j(o,c;s)= 



ye-Oa,c\(VVa,cnWj) 

r?j(s,u;i,u;2) = ^ a;i(c)u;2(a)7?j(a, c; s), 

0,cGCl(fc) 

Hj{s,LL!i,uj2) = r]j{s,u;i,L02)L{As,ujl/ujl). 

By definition we have r/j(o, c;s) = ^j(a, c; 2s, s), r]j{s, 101,102) = {2s, s, 102/1-^1,^^2) and 
Hj{s,iOi,i02) = '^j{2s, 3,102/ uji, 102)- The following lemma immediately follows from Theorem 

Lemma 7.15. The series Hj[s,uJi,i02) becomes entire after multiplied by {s — l/2)^{s — 1). 
Moreover it satisfies the functional equation: 



Hj{l - s, 001,002) = 2V(^/2-8s)p(25 _ i)2nr(s)"r(3s - 3/2)" 

X ^ d/j(2s - 1, s)Sj(2s - 1, s,tJi/a;2, l/i^2)- 

We next consider the residue at s = 1. 
Lemma 7.16. The residue of rij{s, 001,002) at s = \ is 6{oj2)''^kL{2,uj^'^)/Ck{2). 
Proof. Take £ ^o(^^a) such that supp(^'oo) S Wj. By Lemma [7?TU1 we have 

Y^"^, 2s, 3,002/ 001,0:2) = 3^oo,i(^oo,2s,s)7?j(s,u;i,u;2) 
We consider the residue at s = 1. By Proposition 15 . 12l we have 

Res,=i Y*{^, 23, 3, 002/0^1,002) = 5(c^2)2"^A^/^£|S(7^^, 2, cJaM) 

= 5(002)2-^ AI^^I [ LO^\t)\t\'^^{t,U2,U3)d''tdUldU2 

JAx xA2 

= 6{u2)2^^A',^^'^(tkL{2,oo^'^) / I yi,oo 1 00^00 (2/00)^^2/00- 
On the other hand for v £ OJtoo we could see 



Ib, 



fib,y)db, = 2 / fiz,)\Qiiz,)\~^\Q2iz,)\-^dz, 

by computing the Jacobian determinant of the double cover B^^ B by 1-^ b^y G B^^y for their 
coordinate systems. This shows that 

yoo,j{^oo,2,l) =2'''+''^ / |i?l(yi,oo)|oo*oo(2/oo)d2/oo = 2'^l+'^2 / |yi,oo|oo^oo(2/oo)c^2/oo 

JWj J Woo 

since supp(^oo) C Wj. Hence we have the proposition. □ 

To find the density theorem we prepare a lemma. 

Lemma 7.17. The Dirichlet series 1/Ck{s) = n?)eS!nf(^ ~ Ni'Pv)~^) "is normally convergent 
for 3?(s) > 1, where we denote by Vv by the prime ideal of O corresponding to v £ 9Jtf. 
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Proof. For two Dirichlet series a(s) = Yln>i ^n/'^'* and b{s) = J2n>i b-n/iT'^ we write a{s) ^ b{s) 
to mean that \an\ < bn for all n. Let p be a prime. For k G N>i we have l—p~^^ ^ (l+p"*)*^ ^ 
(1 -p-**)-*^. Hence n,;|p(l - ^^CPv)'') ^ (1 -p""*)"". Taking the product for all primes, we 
have Ck{s)~^ ^ Cq('S)"'- Since the right hand side is normally convergent for > 1, the left 
hand side also. □ 

Proposition 7.18. For any e > 0, 

Proof. We write r/j(s) = r/j(s,l,l) and Hj{s) = Hj(s, 1,1), where 1 G Cl{k)* is the trivial 
character. We fix j G 7^. Let r]j{s) = J2n>i '^n/n^, so that the left hand side of the proposition 
is X]n<x denote this function by A{X). We also put Hj{s) = J2n>i bn/n^ and B{X) = 

X^n<x Definition 17.141 and Lemma 17.161 Hj(s) is holomorphic for 3f?(s) > 1/2 except 

for a simple pole at s = 1 with the residue 2lfcCfc(4). Using the functional equation in Lemma 
by fF^^fH Theore m 3] we have B{X) = 2lfcCfc(4)X + 0(X(5"-i)/(5«+i)+£). Note that in 
the notation of |SS74l Theorem 3], = An, J2i=i'^i — "777-/2, J2i=i f^i — ^'^i 6 = 1 and 
/^i = = 1 + e where e > is arbitrary. 

We put 1/Cfc(4s) = En>i^n/"'^- Then by Definition [TUl a„ = Y.mk=ndmbk- We define 
= - 2lfcCfe(4)X, ^ = (5n - l)/(5n + 1). Then for any e > 0, there exists M > 

such that \p{X)\ < MX^+^. Hence we have 

A{X) = drabk =Ydm ^ ^fc = X] dn,B{X/m) 

mk<X m<X k<X/m m<X 

= 2lfca(4)X Y.'^+Y. dmP{X/m) 

m<X m<X 



Since 



^'^^ ^ m>X I m<X 



E \dMX/m)\ < E . M-^ = MX^'+^ E = 

m<X in<X m<X 

we have the proposition. □ 



7.5. The distributions of irreducible algebras. We are now ready to prove a main theorem 
of this paper. 

Definition 7.19. (1) We denote by Lqo a separable cubic /coo-algebra. Let r(Loo) be the 
integer such that Loo = R''i+2Kicx,) xC^'-a+n-rCLoo) M-algebras. Notice that < i(Loo) < 

n- 

(2) Let h{n,Loo) be the numbers of the isomorphism classes of pairs {R,F) satisfying the 
following conditions: (a) F/k is a cubic (field) extension in Q such that F 0^ /cqo — L^o as 
fcoo-algebras, (b) R is an order of F containing O, (c) N{Aji/q) = n. 

Note that N{Aj^/(p) is the ideal norm of the relative discriminant of R/O. The following is 
a main result of this paper ^. 

tWe define constants 21^, 25fe in Definition 17.41 
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Theorem 7.20. (1) Let k be a quadratic field. For any e > 0, 

h{n, Loo) = S-'^^^^-'^kX + 3-"(^°°)/2q3^^5/6 ^ o(x9/ii+=) ^ oo). 

n<X 

(2) Let k be a number field with n = [k : Q] > 3. For any e > 0, 



h{n, Loo) = 3-^'(^-)-''22lfcX + o(x(5'^-i)/(5"+i)+s) (X ^ oo) 

n<X 



Proof. Let C{0), = IJaeCi(fc) C{0, a),. Since EaGCi(fc) ^(a) = by adding all a E Cl(fc) 

up for the formula of Theorem 17.81 we have 



y ^— J— — = (1 + _l_)2t,X + *Bfc3-^(^')/2x5/6 + 0(x(4n-l)/(4n+l)+., 



We will compare the formula of Proposition 17. 18l and the formula above. Since Autc)(i?) is a 
subgroup of Aut (g'c' k), the order of Aut c)(i?) is either 1, 2, 3 or 6. Especially if R (^o k is 
a non-cyclic cubic extension, then Aut oiR) is trivial. We consider the algebras R such that 
Autk{R k) is isomorphic to either Z/3Z or 5*3, the permutation group of degree 3. We 
denote by CG^ the set of cyclic cubic extensions of k. Let p{n) be the number of orders R of 
kxkxk with N{Aji/q) = n, and q{n) the the numbers of the pairs {R, F) such that F G CGk, 
R is an order of F, and N(Aji/q) = n. We claim that the contributions of these algebras can 
be ignored in the limit. To see this, we notice that for a positive sequence {a„} and a positive 
constant p, the series Ylnyi '^n/n^ converges for 3f?(s) > p \i and only if Ylin<x = 0{XP^'^) 
for any e > 0. By |l )W86r Theorem 6.1] we have 

5^^ = a(2s)=^a(6s-l)/a(4s)^ 

n>l 

E^= E .,,A^ U^s)U^s-1)Cf{2s)Kf{As). 

Let e be an arbitrary positive number. From the first equality, we have X]n<x?'('^) ~ 
(9(j^i/3+e)_ Also by Wr89, Theorem L2] we know that X^FeCG^ ^(^i^/fc)""* 

converges for 

5ft(s) > 1/2. Since the Dirichlet series Cf(2s)/Cf(4s) is uniformly bounded by Cfc(2s)^/Cfc(4s)^, 
the Dirichlet series in the right hand side of the second formula converges for 5R(s) > 1/2, 
which asserts X]n<x 1^^) ~ 0{X^/'^^''). Now the theorem follows from Propositions 13. 1^ and 

mrn □ 

Remark 7.21. Let us consider the case k = Q. We see that SIq = 7r^/24 and QSq = r/10 where 
we put r = (27r)"'^/'^C(2/3)r(l/3)r(2/3)^"'^ . Let h{n) be the numbers of orders of isomorphism 
classes of cubic fields with discriminant n. Then the proof of Theorem 17.201 also shows 



Y h{n) = {tt^/ 72) X + {V3r/ 30) X^/^ + 0{X^/^+') {X ^ oo) 

0<n<X 

Y H-n) = (vrV24)X + {r/10)X^/^ + 0{X^/'^+') {X ^ oo). 



0<n<X 



This is what Shintani established in |Sh75[ Theorem 4] and hence Theorem l7.2Ul is a general- 
ization of this to an arbitrary number field. Note that Shintani used SL(2)z instead of GL(2)z 
and hence his result is twice to ours. 
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8. On ZETA integrals for the space of binary cubic FORMS 

In this section we consider some zeta integrals concerning on the space of binary cubic forms 
(G, V). We give meromorphic continuations and describe some of the residues of these integrals 
in Proposition 18.61 

Recall that we associate k{x) £ S'sik) for each x £ V^^ in Definition 13.151 Let 
V(i) = {x £ V^"" I k{x) = k X kx k}, 

^(2) = {x £ V^^ I k{x) = k X E where E/k is a quadratic field extension}, 
V(3) = {x £ V^^ I k{x)/k is a cubic field extension}. 

Then V^^ = V(x) U ^(2) U ^(3) each of them is a G^-invariant subset. 

Definition 8.1. For <I> £ ,^{y^)^ s £ C and uj £ Q}, the global zeta function is defined by 

Z{^,s,oj) = / |det5|2^w(det5) ^ Hgx)dg. 



k 



For i = 1, 2, 3, we also define the zeta integrals for V(j) by 

= / \detg\'^'aj{detg) ^ ^{gx)dg. 
JGA/Gk -^1/ 



By definition Z(<^, s, w) = ^^<j<3 We give some analytic properties of integrals 

s,cj). Note that V(i) is a single Gfc-orbit and the results of w, s) in this section is 

included in Datskovsky- Wright's analysis |DW86j of the orbital zeta functions. Before starting 
the analysis, without loss of generality we assume the following as in Section 1^1 

Assumption 8.2. The Schwartz-Bruhat function satisfies Muj^ = ^, where the operator 
is defined by M.uj^{x) = Jj^^:^,^ uj {det K)^{Kx)dK. 

We will express Z(j)(<I>, s, to) {i = 1, 2) by means of following zeta integrals of (B, W). 

Definition 8.3. Let W^i) = {y £ | k{y) ^ k x k} and W(^2) = ^^f \ For i = 1, 2, we 

define the zeta integrals of {B, W) by 

y(i)(^',si,S2,a;i,c^2) = [ \t\'^tp\'^'^u;i{t)i02itp) ^iby)db. 

Lemma 8.4. Let us define TZw^ G y{W{^) by TZw^{y) = ^{y*)- We have 

2'(2)($,s,u;) = y(2)(7^vl/^,2s,s,u;,u;), 
Z(i)($,s,tj) = 3"^y(l)(7^ly^>,2s,s,u;,u;). 

Proof. We can easily check that V(2) = Gk XB(2)fc (1^{2))*- Hence 

Z(2)(«>,s,w) = / |det(7|2"u;(det5) V ^{gy*)dg 



det62p'w(det62) Yl ^(^2y*)'i&2 



B(2)A/B(2)fe y^^^^^ 

\t^p\'^'uj{t'^p) J2 Hb*y*)dh 
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which is equal to Y(2)(7^vF^) 2s, s, a;, w) since = Tlw^{by). This proves the first equal- 

ity. Let w = (1, 1,0) e Then w* = (0, 1, 1,0) € V(i). Since V(i) is a single G^-orbit and 

Stab((S'A;; if*) is of order 6, we have 

Z(i)($,s,w) = 6"^ /" |det62p'w(det62)^(62W*)d62. 

iB(2)A/B(2)fc 

On the other hand, is also a single i?fc-orbit and Stab(i?fc; w) is of order 2. Hence by a 
similar modification we obtain the second formula. □ 

Definition 8.5. For $ G J5^(Va), we define 7^a^','7^fe$ e ^(A) by 

TZa^ix) = j <^{0,x,yi,y2)dyidy2, lZb^{x) = j <^ix,yi,y2,y3)dyidy2dy3. 

Proposition 8.6. (1) The zeta integral Z(-i)(<I>, s, w) is holomorphic for 5R(s) > 1/3. 

(2) The zeta integral Z(2)(<^', s, w) is holomorphic for 3f?(s) > 1/2 except for possible simple pole 
at s = 1 with the residue (5(w)2~^E(7?.a^', 2). 

(3) The zeta integral Z(3) s, w) is holomorphic for 5R(s) > 1/2 except for possible simple 
poles ats = 1,5/6 with the residue (5(u;)2-^(2:^^AfcCfe(2) Jy^ ^{x)dx, (5(a;3)6-^S(7^fc$, 1/3), 
respectively. 

Moreover each of the zeta integrals has meromorphic continuation to the whole complex 
plane. 

Proof. (1) follows from either |DW86[ Theorem 6.1] or Lemma 18.41 and Proposition IB. 91 and 
(2) follows from (1), Lemma 18.41 Proposition 15.121 and Theorem 15.251 On the other hand the 
analytic properties including meromorphic continuations and residue formulae for Z{^,s,u:) 
are known by |Wr85[ Theorem 6.4]. (3) follows from this and (1), (2). The meromorphic 
continuations are also proved one by one from (1) to (3). □ 
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Appendix A. Remaining functional equations 

Here, we collect 2 kinds of local functional equations for {H, U). For the real case, the first 
equation was proved in |Sh72| Lemma 1.9] and the second one is proved in jSat81t Lemma 
2.9]. The complex case immediately follows from the proof of Proposition 16.51 We note that 
the functional equations in Proposition 16.51 follows from this table also. 

Proposition A.l. (1) The functional equations for are: 

.,l($®T,Si,S2)\ 

.^2(^' T,si,S2)/ 7r''i+^'^^ 

'sin((si + 2s2) ^2) cos(si^/2) \ /?Jm,i(^ ® T, si, 3/2 - si - S2)\ 
sin(si7r/2) cos((si + 2s2)vr/2) ) I ?Jr,2(^ T, si, 3/2 - si - S2)y ' 
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2 cos2(si^/2) \ (Uu,i{^ T, 1 - si, si + S2 - 1/2) 
sin(si7r) ^ VJJR.al^- T, 1 - si, si + S2 - 1/2) 

(2) The functional equations for C are: 

^ 22«l+4s2-2 
^C,l(* ® Si, S2) = ^2s,+4s,-i r(^2)^r(gi + S2 - 1/2)2 

X sin(s27r) cos(si7r + S2vr)0c,i(^' T, si, 3/2 - si - S2), 

I5c,ii^ T,si,S2) = ■^^^^r(si)Sin2(si7r)Uc,i(^' ® T, 1 - + S2 - 1/2). 

By the same arguments of Section [7| we could find 2 more functional equations for Dirichlet 
series Ej{si, S2,uji,uj2)- 

Appendix B. Non-archimedean local theory for the spaces of binary quadratic 

FORMS 

Here we study some non-archimedean local theory. The explicit formula for the standard 
test function is obtained. An interesting corollary to this formula, we describe the orbital zeta 
functions by means of Dedekind zeta functions. 

B.l. Explicit formula at finite places. In this subsection we give the explicit formula of 
the local zeta function for the standard test function at finite places. 

For a while let f G 97t arbitrary (not assuming a finite place). To treat ramified characters 
also, we slightly generalize the notion of local zeta function. 

Definition B.l. For y £ [/|^, £ -^(t^fc„)) ^^iv,^2v £ and si,S2 G C, we define 

^y,v{^v, si, S2, uJiv,uj2v) = / iOiv{tv)uj2v(tv det g.o)\ty\l'^\ty det g^ll"^ ^y{hvy) dK 
and call it the local zeta function. 



If both uJiv,L02v are trivial we often drop it and write Xy^y{^y, si, 82)- For S % such that 
ye Uj^, by definition si, S2) =jRi{y)\l'^\R2{y)\ti^3iy^^{^^, si, S2). 

For any y £ The stabilizer of y in consists of two elements and the non-trivial 
element is of the form (1,5) with det{g) = —1. This shows that Xy^^i^v, si, S2,u!iv,uJ2v) is 
identically zero unless a;2?)(— 1) = 1- Hence we assume the following. 

Assumption B.2. For any v G 9Jt, a;2i,(— 1) = 1. 

The analytic continuation of the local zeta function is known in more general settings than 
the prehomogeneous case. The meromorphic properties of complex powers of polynomials were 
studied by Bernstein and Gelfand jBG69j for infinite places and by Denef |D84| lD85) for finite 
places. The following lemma is contained in their works. (We gave a proof for v G 9?loo in 
Proposition 16.51 ) 

Lemma B.3. The local zeta function Xy^y{^y, si, S2,uji,uJ2) has meromorphic continuation to 
. Moreover, it is a rational function of qf,^ , g^*^ if v £ SDTf . 

It will be convenient to attach to each orbit in where v £ DJl, an index or type which 
records the arithmetic properties of v and the extension of corresponding to the orbit. 
Recall that by Proposition 13.181 the orbit space corresponds bijectively to the set of 

isomorphism classes of separable quadratic algebra of k^. The orbit corresponding to x /c„ 
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will have the index (sp). The orbit corresponding to the unique unramified quadratic extension 
of ky will have the index (ur). An orbit corresponding to a ramified quadratic extension of 
will have the index (rm). Recall that the extension C/R is regarded as ramified. 

Definition B.4. For each of i/^^-orbits in U^^ , we choose and fix an element z which satisfies 
the following condition. 

(1) If the orbit is corresponding to ky X ky, then z = (0, 1,0, 1,1). 

(2) If w € OJTk and the orbit is corresponding to C, then z = (1/2,0, 1/2, 1, 1). 

(3) Consider the case v G 9Jlf and the orbit is corresponding to a quadratic field extension 
F/ky. We choose and fix z G Wk^ such that zi = 1 and Op is generated over Oy by roots 
of z{vi, 1). We put z = (1, 0) and choose z = {z,z) as the orbital representative. 

We call such fixed orbital representatives as the standard orbital representatives. 

We note that for any standard representative z, we have Ri{z) = 1, and if v G 93tf then the 
discriminant R2(z) of z{v) generates the ideal ^~y^ . 

We now assume v G dJl{. We give an explicit formula when $o is the characteristic function 
of Uoy ■ In this case the integral is either uiy or LL)2y is ramified. Hence we consider the case 
both ujiy and uj2v are unramified. 

Proposition B.5. For any v G 9Jlf, let $„^o be the characteristic function of Uo^- For a 
standard representative z G [/|^ , 

^zA'^v,0, Si,S2) = (1 - qy^'T\^ - ql-^''-^''rHl - qy''-^''r'Rv,z{^l, S2) 

where 

' (1 - g-^i-2^2)V(l - qv'^f ^ is of type (sp), 
^.,^(^1, S2) = - 9„-'^i-'^^)/(l - Qy^'') z is of type (ur), 
^ (1 - _ g-.i) J is of type (rm). 

Proof. In the proof of this proposition, we drop the subscript v from various symbols such as 
^z,v7 ^o,v, Uy, Qy if there is no confusion. We first consider the case z is of type (sp). We put 
o = si + 2s2, b = si. Then, by a standard modification, we have 

%($0,Sl,S2) = [ \ti\^\t2t3\lM^,ti,tiU,t2-ut3,t3)d''tid''t2d''t3du. 

Let vr G be a uniformizer. By changing ti to 7r~^ti, t^ to 7r~^t3, and u to tt-u, we have 

Xj($o,si,S2) = g"+^"^ / ^ ^ |ti|^|i2t3|t*o(0,ti/7r,tin,t2-ut3,t3/7r)d^tid''M''Mn. 

Hence if we let <I>q G y{Uk^) be the characteristic function of Uo„ \ {Oy x py x Oy x Oy x py) , 
then Xz{^o,si,S2) = (1 — q^~"'~^)~^Xz{^'Q, si, S2). We consider the integral Xz{^q, si, 82). 
We divide the domain of the integration into the following three subsets: (a) ti G O^ , (b) 
ti G 7r™0„^ , ts G O^ , u e Oy for m > 1, (c) ti G tt-^O^ ,t3eO^,ue (7r-"*0„ \ 0„) for m > 1. 
Then the value of the integral in each domain is found to be 

{l-q'Y^, g-«(l - g-'^)-^(l - g-^), and g-"+^(l - ^-^(1 - g-«+^), 

respectively. Adding ah these up, we have ^^(^q, 81,82) = (1 — ?"")(! — 9~'')~^(1 — q~"''^'')~^, 
and this proves the formula for the case (sp). 

We next consider the case x is of type (ur) or (rm). We put F = ky(z). Let T,M be 
the trace and the norm of the quadratic extension F/k. We write xi{v) = M{v\ + 9v2) 
where 6 e Op. Then by the definition of the standard orbital representative, 6 generates 
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Op over Oy. Let ^'o be the characteristic function of Wq^- In this case, we could see that 
^^(^'0, si, S2) = (1 - q-^'^)-^X'~{^Q, si + S2, S2) where 

X^(^, a,h)= [ ^ hliH'l^ {tiMT{u + 126), tiM{u + 126)) d''tid''t2du 

for G ^(Wa)- Let G S^{Wa) be the characteristic function of TVc)^\(p^ xp^, xO^,). Then the 
similar observation as in the case of (sp), we have X'~{^Q,a,b) = (1 - q^''^''+^)-^X'~{%,a,b). 
Let j = if z is of type (ur) and j = 1 if i" is of type (rm). Then it is easy to see that 
%{ti,tiT {u + t2e),tiJ\f{u + 120)) = 1 if and only if 

h G , t2 e Ot,, u G Oy, or h G ttO^ , t2 G vr^-'C'^, u G O^. 

Hence X^(^''o, a, 6) = (1 - q'^'^il + q-''+^^) and this finish the proof. □ 

As a corollary we obtain the following. 

Lemma B.6. For any v G 971, the local zeta function Xy^y{^y, si, S2,uJiy,UJ2v) is holomorphic 
in the region > 0,^{s2) > 0, + S2) > 1/2. 

Proof. The statement for v G SUtoo follows from Proposition 16.51 (1) . For v G Tlf, the support 
of is contained in tt~'^Uo^ for some integer m. Hence the result follows from Proposition 
IB. 51 and the relatively invariant property of the local zeta function under the action of Hi^^. □ 

B.2. Orbital zeta functions. We now discuss the relation between global and local situa- 
tions. 

Definition B.7. For y G Uf", $ G y{UA) and uji,0J2 G we define 

X|($,si,S2,u;i,u;2) = / \t\''\t det g\'^"'uJiit)i02it det g^hy) 
and call it the orbital zeta function. 



Note that this integral depends only on if^-orbits. By the standard consideration the global 
zeta function decompose into as follows and this is the reason why we are interested in the 
orbital zeta functions. 



en 



Lemma B. 8. VFe de/ine si, S2, c^i, CJ2) = A^^^^l • X(<i>, si, S2, wi, u;2)- Th 

X*{<^,Si,S2,iOl,i02) = 2-^ Xi($,Si,S2,CJi,u;2)- 

yeHk\ul^ 

The orbital zeta function has an Euler product. We consider this Euler product more 
precisely. For the rest of this subsection, we assume $ is of the product form $ = ni;Gan'^f 
Let LOi = Ylyfzrfji^iv Then by definition 

§2,^1,^2) V: Si, S2t Wli) , UJ2v ) • 

For each v G let Zy^^ be the standard representative lying in the orbit of y and put 

'S>y,v{^v, Sl,S2,UJiy,UJ2v) = X^^^^y{^y, Si, S2, OJi^ , UJ2v) ■ 

If we let y = hZy^^ for some h = {t,g) G then t = Ri{y)/ Ri(zy y) and (tdet^f)^ = 

R2{y)/R2{zy^v)- We put Aj^^^, = R2(zy,v)/R2{y) G K- Then we have 

^y,vi^v, Sl, S2,UJlv,^^2v) =1^11, ^ ^^^^^ ^ i^2v{^/ ^y,v)'S>y,v{^v , Si, S2, OJiy , LU2v) ■ 

where we put uJiy = \ • and uJ2v = \ ■ \'^^'^^2v Note that Assumption IB. 2) vanishes the 

ambiguity of the choice of the square root. We put Ay = (Ay^^)^grrjt G A^. Since A^; = 
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iR2{zy^v))v€9n/ R2{y)i by the observation after Definition IB.41 if we regard Ay and A-j^^~y^ as 

elements of /k^ then they coincide. Consider the product of the above formula for v G dJl. 
Since Ri{zy^^) = 1 for all v £ Tl and ui{Ri{y)) = 1, we have 

X~{^v,Sl,S2,iOiy,u;2v) =UJ2{'\/A^) @y^y{^v,Si,S2,UJiy,U;2v)- 

For a finite set T of places of k, we define the truncated zeta function Ck,Tis) = YlvemiXri^ ~ 
q~^)^^. For an separable quadratic algebra F of k, we define Cf,t{s) similarly. By Lem- 
mata EHl EiH and Proposition IB. 5| we have the meromorphic continuation of the orbital zeta 
functions as below. 

Proposition B.9. Let T D 9?too be a finite set such that is the characteristic function of 
o,nd is unramified unless v £ T. Then 

Xy{^,Si,S2,UJl,UJ2) = N{A^^^~y^y'^LU2i'\/A^) Y[ ®y,v{^v,Si,S2,U;iv,(^2v) 

X Cfc,T(2S2)Cfc,T(2si + 2S2 - l)Cfc,T(si + '^S2)Ck{y),T{si)Ck{y),T{si + 2S2)"^ 

This function is meromorphic on and holomorphic in the region > l,3f?(s2) > 1- 
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